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Magne1sm	  and	  periodic	  poten1al	  

cyclotron	  mo*on	   mo*on	  on	  a	  square	  la0ce	  

a

=	  Aharonov-‐Bohm	  phase	  along	  the	  contour	  of	  a	  cell	  

Compe11on	  between	  two	  phenomena	  (frustra1on)	  :	  

� = Ba2 :	  flux	  across	  a	  cell	  

�0 = h/q :	  flux	  quantum	  

`m =
p
~/qB

a2

`2m
=

qBa2

~ = 2⇡
�

�0



Relevant	  values	  for	  Aharonov-‐Bohm	  phase	   2⇡�/�0

a

In	  a	  regular	  solid:	  	  

a ⇠ 1 Å = 10�10 mB ⇠ 100T

� = Ba2 ⇠ 10�18 Wb

�0 = h/q ⇡ 4 10�15 Wb

2⇡�/�0 ⇠ 10�3

No	  dras1cally	  new	  effect	  expected	  in	  this	  “weak	  field”	  regime	  

If	  the	  flux	  	  Ba2	  	  becomes	  much	  larger	  thanks	  to	  synthe1c	  materials	  	  
or	  ar1ficial	  gauge	  fields,	  frustra1on	  may	  play	  a	  dominant	  role.	  
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2D	  1ght-‐binding	  model	  

Ĥ = Ĥ
x

+ Ĥ
y

:	  	  separable	  

a

J	


J	
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Band	  width	  8J	  	  

2D	  Bloch	  waves	  
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qj 2]� ⇡/a,⇡/a]Brillouin	  zone:	  



La>ce	  in	  the	  presence	  of	  a	  magne1c	  field	  

r r0
Aharonov-‐Bohm	  phase	  associated	  to	  the	  link	   r ! r0

�(r ! r0) =
q

~

Z r0

r
A · dr

Peierls	  subs1tu1on	  in	  the	  1ght-‐binding	  regime:	  	  
Each	  tunnel	  term	  of	  the	  Hamiltonian	  gets	  the	  corresponding	  phase	  	  

�J |wj+1,lihwj,l| �! �J ei�(j,l!j+1,l) |wj+1,lihwj,l|

j j + 1j � 1

l � 1

l + 1

l



Uniform	  field	  and	  Landau	  gauge	  for	  a	  square	  la>ce	  

Choose	  a	  zero-‐phase	  for	  all	  ver1cal	  links	  :	  discrete	  version	  of	  	  	  

Phase	  along	  a	  cell:	  	  	  	  	  	  	  	  	  	  	  with	  	  	  2⇡↵ ↵ = �/�0
� = Ba2 :	  flux	  across	  a	  cell	  

�0 = h/q :	  flux	  quantum	  

ei 2⇡↵ lei 2⇡↵ l

ei 2⇡↵ (l+1) ei 2⇡↵ (l+1)

ei 2⇡↵ (l�1) ei 2⇡↵ (l�1)

1 1 1

1 1 1

j

l

A = (�By, 0, 0)

Here:	  

⇥ = 2⇡↵l + 0� 2⇡↵(l � 1) + 0

= 2⇡↵

On	  a	  given	  la>ce	  cell,	  the	  only	  relevant	  physical	  quan1ty	  (gauge	  invariant)	  is	  	  	  	  	  	  	  	  ,	  
where	  	  	  	  	  	  is	  the	  sum	  of	  the	  phase	  of	  the	  tunnel	  coefficients	  around	  the	  cell.	  

ei⇥

⇥
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General	  formula1on	  of	  the	  problem	  

ei 2⇡↵ lei 2⇡↵ l

ei 2⇡↵ (l+1) ei 2⇡↵ (l+1)

ei 2⇡↵ (l�1) ei 2⇡↵ (l�1)

1 1 1

1 1 1

j

l

We	  look	  for	  the	  spectrum	  of	  the	  Hamiltonian	  

Ĥ = �J
X

j,l

ei 2⇡↵ l|wj+1,lihwj,l|

+ |wj,l+1ihwj,l| + h.c.

We	  keep	  the	  periodicity	  along	  x,	  but	  loose	  the	  periodicity	  along	  	  y	


We	  look	  for	  the	  eigenstates	  as	  Bloch	  funcEons	  for	  x	


| i =
X

j,l

Cl e
ijaq

x |wj,li

Recursion	  equaEon	  (Harper)	  for	  the	  coefficients	  Cl	  

Important	  par1cular	  case	  when	  the	  coefficient	  α	  is	  ra1onal,	  	  ↵ = p0/p

One	  then	  recovers	  periodicity	  along	  y,	  but	  with	  the	  period	  pa	  instead	  of	  a.	  

a

ei2⇡↵l = ei2⇡↵(l+p)



Example	  for	  the	  	  flux	  	  ↵ = 1/3

|Aj,li

|Bj,li

|Cj,li
ei2⇡/3

ei4⇡/3

1

Unit	  cell	  with	  3	  sites	   |Ai, |Bi, |Ci of	  size	   a ⇥ 3a

Look	  for	  eigenstates	  as	  Bloch	  func1ons:	  

3a

a| qi =
X

j,l

eia(jqx+3lq
y

) (↵|Aj,li+ �|Bj,li+ �|Cj,li)

E
+4J

�4J

0

E
+4J

�4J

0
The	  band	  gets	  fragmented	  

in	  three	  sub-‐bands	  

Ĥ| qi = E(q) | qi 	  3	  x	  3	  matrix	  to	  diagonalize	  for	  each	  q	




General	  shape	  of	  the	  spectrum	  

E

+4J

�4J

0

0 1/2 1

↵ = �/�0

Fractal	  structure,	  self	  -‐similarity	  

Dirac	  points	  for	  α =	  1/2,	  1/4,	  ...	  

Hofstadter,	  1976	  
1/2	  

1/3	  
1/4	  

1/5	  



Landau	  levels	  recovered	  
E

+4J

�4J

0

0 1/2 1
↵ = �/�0

Hofstadter,	  1976	  

E

�/�0 / B

~!c

~!c

~!c/2

0
�4J

En = (n+ 1/2)~!c

Very	  narrow	  equidistant	  levels	  

with	   !c = qB/Me↵

Me↵ =
~2

2Ja2
For	  the	  square	  la>ce:	  



Hall	  conductance	  of	  a	  filled	  band	  (fermions)	  

Consider	  for	  example	  an	  electron	  gas	  with	  	  

a	  chemical	  poten1al	   ~!c

2
< µ <

3~!c

2

~!c

.	  .	  .	  
µ	


�E
x

current	  

Ṅ
y

=
1

h
�E

x

Transverse	  current:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  corresponding	  to	  a	  single	  channel	  conduc1on	  

Generaliza1on	  to	  insulator-‐type	  filling	  of	  any	  band	  structure:	  	   Ṅ
y

=
C

h
�E

x

where	  C	  is	  an	  integer	  (Chern	  number)	  [Thouless	  et	  al,	  1982]	  

What	  does	  one	  get	  for	  the	  lowest	  band	  of	  the	  Hofstadter	  buWerfly?	  

↵ = 1/p ) C = 1 “topologically	  equivalent	  to	  LLL”	  



How	  to	  calculate	  the	  Chern	  number?	  

Suppose	  that	  only	  the	  lowest	  band	  is	  filled	  

Thouless	  et	  al	  (1982):	  linear	  response	  theory	  (Kubo	  formula)	  to	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  calculate	  the	  current	  Jy	  for	  a	  given	  ΔEx 	  	  

Bloch	  func1ons	  	   q(r) = eiq·r uq(r) uq(r) or	  	  	  	  	  	  	  	  	  	  	  :	  periodic	  part	  |uqi

Berry	  connec1on	  in	  quasi-‐momentum	  space:	  	  A(q) = i huq|rquqi

In	  cold	  atom	  physics,	  the	  Berry	  curvature	  	  	  	  	  	  	  	  	  	  	  	  	  can	  be	  	  
measured	  locally	  thanks	  to	  the	  Bloch	  oscilla1on	  technique	  	  

B(q)

B(q) = rq ⇥A(q)Associated	  Berry	  curvature:	  	  

C =
1

2⇡

Z

BZ
Bz(q) d2q =

1

2⇡

I
A(q) · dq

Integer	  number:	  robust	  property	  that	  can	  be	  changed	  only	  with	  a	  contact	  between	  two	  bands	  

q
x

qy

Brillouin	  
zone	  



Physical	  interpreta1on	  of	  the	  Chern	  number	  

�E
x

L
x

Apply	  a	  force	  F	  associated	  with	  	  
the	  energy	  difference	  	  	  	  	  	  	  	  	  	  �E

x

= FL
x

F

a

During	  one	  Bloch	  period,	  how	  many	  par1cles	  	  
do	  cross	  a	  segment	  of	  length	  a	  ?	  

�N = aJy⌧B

= C Chern	  number	  

= a
1

L
x

✓
C

h
�E

x

◆ ✓
h

Fa

◆

Bloch	  oscilla1ons	  along	  x	  with	  the	  period	  

⌧B =
h

Fa

Ṅ
y

= C�E
x

/h
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Goldman,	  Juzeliunas,	  Ohberg,	  Spielman,	  arXiv:1308.6533	  

Non	  exhaus1ve	  presenta1on.	  There	  are	  also	  approaches	  based	  	  
on	  “rota1ng”	  the	  la>ce:	  Sorensen	  et	  al	  (2005),	  Tung	  et	  al	  (2006),	  
Hemmerich	  et	  al	  (2007),	  Kitagawa	  et	  al	  (2010)	  	  



Goal	  of	  this	  approach	  

La0ce	  modulated	  in	  *me	  
x

One	  wants	  to	  use	  the	  different	  parameters	  of	  the	  modula1on	  
• 	  amplitude	  
• 	  frequency	  
• 	  phase	  

to	  engineer	  the	  tunnel	  matrix	  elements	   J �! J ei✓

V(x, t)

Systema1c	  approaches	  to	  this	  type	  of	  problem:	  	  
• 	  Floquet	  formalism	  
• 	  Effec1ve	  Hamiltonian:	  Rahav	  et	  al	  (2003);	  Goldman	  &	  Dalibard,	  arXiv	  1404.4373	  

Here,	  we	  will	  use	  a	  simple	  treatment	  based	  on	  	  
a	  (non-‐rigourous)	  1me-‐average	  of	  the	  Schrödinger	  equa1on	  	  



Modulated	  1D	  la>ce	  

x

V(x, t) = V [x� x0(t)]
V(x, t)

Unitary	  transform	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  that	  allows	  one	  to	  go	  from	  ˆ

U(t) = exp (ix0(t)p̂/~)

Ĥ(t) =
p̂2

2M
+ V [x� x0(t)] to	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  with	  Ĥ(t) =

[p̂�A(t)]2

2M
+ V (x) A(t) = Mẋ0(t)

Tight-‐binding	  approach:	   Ĥ(t) = �J eiMaẋ0(t)/~
X

j

|w
j+1ihwj

|+ h.c.

| (t)i =
X

j

↵j(t) |wjiThe	  Schrödinger	  equa1on	  for	  the	  state	  vector	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  leads	  to	  

i ~ ↵̇
j

= �J
⇣
↵
j+1 e

�iMaẋ0(t)/~ + ↵
j�1 e

+iMaẋ0(t)/~
⌘

Two	  1me	  scales:	  fast	  mo1on	  	  	  	  	  	  	  	  	  	  	  	  ,	  slow	  mo1on	  	  	  	  	  	  	  	  	  	  	  .	  A	  temporal	  average	  then	  gives:	  	  	  	  	  	  ẋ0(t) J/~

i ~ ↵̇j = �J̄⇤↵j+1 � J̄↵j�1 J̄ = J heiMaẋ0(t)/~iaverage	  matrix	  element:	  



Changing	  the	  amplitude	  of	  the	  tunnel	  coefficient	  	  

Experiment	  in	  Arimondo’s	  group	  (Pisa,	  2007)	  :	  sine	  modula1on	  	  

J̄ = J heiMaẋ0(t)/~i

Ma

~ ẋ0(t) = ⇠0 sin(⌦t+ �) J̄ = Jhei ⇠0 sin(⌦t+�)i = J J0(⇠0)

Bessel	  func1on	  

our experimental resolution, we could measure a suppres-
sion by at least a factor of 25).

We also checked the behavior of jJeff=Jj as a function of
! for a fixed value of K0 ! 2 (see inset in Fig. 2) and found
that, over a wide range of frequencies between @!=J " 0:3
and @!=J " 30, the tunneling suppression works,
although for @!=J & 1 we found that jJeff#K0$=Jj deviated
from the Bessel function near the zero points, where the
suppression was less efficient than expected. In the limit of
large shaking frequencies (!=2! * 3 kHz, to be com-
pared with the typical mean separation of "15 kHz be-
tween the two lowest energy bands at V0=Erec ! 9), we
observed excitations of the condensate to the first excited
band of the lattice. In our in situ expansion measurements,
these band excitations (typically less than 30% for K0 > 3
and less than 10% for K0 < 3) were visible in the conden-
sate profile as a broad Gaussian pedestal below the near-
Gaussian profile of the ground-state condensate atoms.
From the widths of those pedestals, we inferred that
jJeff=Jj of the atoms in the excited band also followed
the Bessel-function rescaling of Eq. (2) and that the ratios
of the tunneling rates in the two bands agreed with theo-
retical models.

We now turn to the phase coherence of the BEC in the
shaken lattice, which was made visible by switching off the
dipole trap and lattice beams and letting the BEC fall under
gravity for 20 ms. This resulted in an interference pattern
whose visibility reflected the condensate coherence [20]. In
the region between the first two zeros of the Bessel func-

tion, where J 0 < 0, we found an interference pattern [see
Fig. 3(a)] that was shifted by half a Brillouin zone. This
shift can be interpreted as an inversion of the curvature of
the (quasi)energy band at the center of the Brillouin zone
when the effective tunneling parameter is negative. We
then quantified the visibility V ! #hmax % hmin$=#hmax &
hmin$ of the interference pattern after shaking the conden-
sate in the lattice for a fixed time between 1 and " 200 ms
and finally accelerating the lattice to the edge of the
Brillouin zone. In the expression for V , hmax is the mean
value of the condensate density at the position of the two
interference peaks, and hmin is the condensate density in a
region of width equal to about 1=4 of the peak separation
centered about the halfway point between the two peaks.
For a perfectly phase-coherent condensate, V " 1,

FIG. 3. Phase coherence in a shaken lattice. (a) Dephasing
time "deph of the condensate as a function of K0 for V0=Erec !
9 and !=2! ! 3 kHz. The vertical dashed line marks the
position of K0 ! 2:4 dividing the regions with Jeff > 0 (left)
and Jeff < 0 (right). In both regions, a typical (vertically inte-
grated) interference pattern without final acceleration to the zone
edge is shown (the x axis is scaled in units of the recoil
momentum prec ! h=dL.) Inset: Rephasing time after dephasing
at K0 ! 2:4 and subsequent reduction of K0. (b) Dephasing time
as a function of @!=J for K0 ! 2:2.

FIG. 2. Dynamical suppression of tunneling in an optical lat-
tice. Shown here is jJeff=Jj as a function of the shaking parame-
ter K0 for V0=Erec ! 6, !=2! ! 1 kHz (squares), V0=Erec ! 6,
!=2! ! 0:5 kHz (circles), and V0=Erec ! 4, !=2! ! 1 kHz
(triangles). The dashed line is the theoretical prediction.
Inset: jJeff=Jj as a function of ! for K0 ! 2:0 and V0=Erec !
9 corresponding to J=h ! 90 Hz.
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our experimental resolution, we could measure a suppres-
sion by at least a factor of 25).

We also checked the behavior of jJeff=Jj as a function of
! for a fixed value of K0 ! 2 (see inset in Fig. 2) and found
that, over a wide range of frequencies between @!=J " 0:3
and @!=J " 30, the tunneling suppression works,
although for @!=J & 1 we found that jJeff#K0$=Jj deviated
from the Bessel function near the zero points, where the
suppression was less efficient than expected. In the limit of
large shaking frequencies (!=2! * 3 kHz, to be com-
pared with the typical mean separation of "15 kHz be-
tween the two lowest energy bands at V0=Erec ! 9), we
observed excitations of the condensate to the first excited
band of the lattice. In our in situ expansion measurements,
these band excitations (typically less than 30% for K0 > 3
and less than 10% for K0 < 3) were visible in the conden-
sate profile as a broad Gaussian pedestal below the near-
Gaussian profile of the ground-state condensate atoms.
From the widths of those pedestals, we inferred that
jJeff=Jj of the atoms in the excited band also followed
the Bessel-function rescaling of Eq. (2) and that the ratios
of the tunneling rates in the two bands agreed with theo-
retical models.

We now turn to the phase coherence of the BEC in the
shaken lattice, which was made visible by switching off the
dipole trap and lattice beams and letting the BEC fall under
gravity for 20 ms. This resulted in an interference pattern
whose visibility reflected the condensate coherence [20]. In
the region between the first two zeros of the Bessel func-

tion, where J 0 < 0, we found an interference pattern [see
Fig. 3(a)] that was shifted by half a Brillouin zone. This
shift can be interpreted as an inversion of the curvature of
the (quasi)energy band at the center of the Brillouin zone
when the effective tunneling parameter is negative. We
then quantified the visibility V ! #hmax % hmin$=#hmax &
hmin$ of the interference pattern after shaking the conden-
sate in the lattice for a fixed time between 1 and " 200 ms
and finally accelerating the lattice to the edge of the
Brillouin zone. In the expression for V , hmax is the mean
value of the condensate density at the position of the two
interference peaks, and hmin is the condensate density in a
region of width equal to about 1=4 of the peak separation
centered about the halfway point between the two peaks.
For a perfectly phase-coherent condensate, V " 1,

FIG. 3. Phase coherence in a shaken lattice. (a) Dephasing
time "deph of the condensate as a function of K0 for V0=Erec !
9 and !=2! ! 3 kHz. The vertical dashed line marks the
position of K0 ! 2:4 dividing the regions with Jeff > 0 (left)
and Jeff < 0 (right). In both regions, a typical (vertically inte-
grated) interference pattern without final acceleration to the zone
edge is shown (the x axis is scaled in units of the recoil
momentum prec ! h=dL.) Inset: Rephasing time after dephasing
at K0 ! 2:4 and subsequent reduction of K0. (b) Dephasing time
as a function of @!=J for K0 ! 2:2.

FIG. 2. Dynamical suppression of tunneling in an optical lat-
tice. Shown here is jJeff=Jj as a function of the shaking parame-
ter K0 for V0=Erec ! 6, !=2! ! 1 kHz (squares), V0=Erec ! 6,
!=2! ! 0:5 kHz (circles), and V0=Erec ! 4, !=2! ! 1 kHz
(triangles). The dashed line is the theoretical prediction.
Inset: jJeff=Jj as a function of ! for K0 ! 2:0 and V0=Erec !
9 corresponding to J=h ! 90 Hz.
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our experimental resolution, we could measure a suppres-
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shift can be interpreted as an inversion of the curvature of
the (quasi)energy band at the center of the Brillouin zone
when the effective tunneling parameter is negative. We
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sate in the lattice for a fixed time between 1 and " 200 ms
and finally accelerating the lattice to the edge of the
Brillouin zone. In the expression for V , hmax is the mean
value of the condensate density at the position of the two
interference peaks, and hmin is the condensate density in a
region of width equal to about 1=4 of the peak separation
centered about the halfway point between the two peaks.
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and Jeff < 0 (right). In both regions, a typical (vertically inte-
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ter K0 for V0=Erec ! 6, !=2! ! 1 kHz (squares), V0=Erec ! 6,
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Allows	  one	  to	  change	  the	  sign	  of	  the	  	  
tunnel	  coefficient,	  but	  not	  its	  phase	  

|J̄ |/J

⇠0

Eckardt, Weiss, Holthaus (2005) 



Changing	  the	  phase	  of	  the	  coefficient	  tunnel	  	  (version	  1)	  

J̄ = J heiMaẋ0(t)/~i

Take	  a	  non-‐symmetric	  	  
temporal	  modula1on	  	  

x0(t)

t

T1 T2

T

J̄

J
=

T1

T
eiMav1/~ +

T2

T
eiMav2/~ generally	  non	  real	  

Equivalent	  of	  a	  constant	  vector	  poten1al:	  
shiu	  of	  the	  minimum	  of	  the	  dispersion	  	  
rela1on	  that	  can	  be	  measured	  in	  a	  1me	  	  
of	  flight	  experiment	  

k ¼ A=@. As will be detailed later on, we experimentally
observe the relaxation of the condensate quasimomentum
toward the minimum of the effective dispersion relation.
Therefore, the imprinted Peierls phase can be directly read
out from the quasimomentum distribution revealed in the
time of flight after a sudden switch off of the lattice and the
external potential.

As a central result, Fig. 2(b) shows the experimental data
together with the theoretical predictions from Eq. (3). After
increasing the forcing amplitude slowly (within up to
120 ms) to the desired value, the corresponding quasimo-
mentum distribution was recorded. From the obtained
time-of-flight images, examples of which are shown in
Fig. 2(c), we extract the Peierls phases ! [22]. We observe
an excellent agreement between experiment and theory,
thus proving the controlled generation of an arbitrary
vector gauge potential encoded into the Peierls phase ! 2
½0; 2"½. In addition, the experimental images demonstrate
the large degree of coherence maintained in the atomic
sample throughout the shaking process. As an additional
feature, Fig. 2(a) shows that the Peierls phase allows us

now to invert the sign of the effective tunneling element
without crossing jJeffj ¼ 0 via the rotation in the complex
plane.
In the following, we will discuss the details of the

relaxation of the system toward nonzero quasimomenta
superfluid states, allowing for the described direct mea-
surement of the Peierls phase. Note that for an homoge-
neous and noninteracting system, the initial Bloch wave at
ki ¼ 0 remains an eigenstate of the effective Hamiltonian.
Thus, no transfer to states with k ! 0 is expected after the
shaking is turned on. However, since we are working with
interacting bosons and an external harmonic confinement,
more effects come into play.
When the gauge potential is ramped up from 0 to Af, the

condensate acquires a nonzero group velocity, reflecting
the presence of an artificial electric force FE ¼ # _A. This
velocity induces a displacement of the condensate’s center-
of-mass position xc in the harmonic potential of frequency
f [22]. The resulting restoring force induces oscillations
both in position and momentum space [see Fig. 3(a)]. In
Fig. 3(b), we report a time-resolved measurement of the
condensate quasimomentum after a quench to a final
Peierls phase of #"=4. The oscillations around the final
quasimomentum result from an excitation of the dipole
mode: The measured frequency of 3:6$ 0:4 Hz perfectly
matches the expected dressed condensate frequencyffiffiffiffiffiffiffiffiffiffiffiffiffi
m=m%p

f for particles having an effective mass m% in the
lattice of 10$ 1Erec depth with a tunneling amplitude of
0:3Jbare (ftheo ¼ 3:5$ 0:5 Hz). The coupling to nonzero
quasimomenta results thus from the underlying harmonic
trapping potential.
In addition, this center-of-mass dynamics is subjected to

several damping mechanisms induced by the trap anhar-
monicity or the lattice discreteness, which leads to a cou-
pling to other collective modes and therefore to the
relaxation of the BEC toward the new equilibrium state.
Therefore, the duration of the ramp from 0 to Af has to be
compared with the time scale of those relaxation mecha-
nisms. In Fig. 3 we compare time-resolved measurements
of the quasimomentum distribution for a slow ramp
[Fig. 3(d)] of A to a final Peierls phase ! ¼ 3"=2, with a
sudden quench [Fig. 3(f)]. As the gauge field is slowly
increased, the BEC follows the shift of the dispersion
relation minimum, as depicted in Fig. 3(c). For the quench,
on the contrary, for which the shift of the dispersion
relation occurs within 1 ms, the system cannot follow
and thus relaxes into the nearest minimum of the effective
band structure [see Fig. 3(e)]. For the chosen value, this
minimum lies on the left with respect to the original k ¼ 0
peaks and we thus find the BEC at k ¼ #"=2d. This
demonstrates clearly that in the presence of these relaxa-
tion mechanisms, the forcing does not induce a net particle
current in the lattice, unlike for ratchets, but allows the
engineering of ground-state superfluids at arbitrary non-
zero quasimomenta.

(a)

(b)

(c)

FIG. 2 (color). Creation of complex tunneling matrix ele-
ments. (a) Absolute value of the tunneling parameter obtained
from Eq. (3) for our experimental parameters (T1 þ T2 ¼ 1 ms
and T1=T2 ¼ 2:1). (b) The measured Peierls phases in a 1D
driven optical lattice for different values of the forcing amplitude
K are depicted as circles. The dashed red curve corresponds to
the theoretically expected values [Eq. (3)]. (c) Quasimomentum
distribution of the BEC after 27 ms time of flight for different
values of K. The Peierls phase as a function of K is deduced
from the observed shifts of the interference patterns.
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Try	  to	  print	  the	  phase	  φ	  of	  the	  modula1on	  on	  the	  tunnel	  coefficient	  

Ma

~ ẋ0(t) = ⇠0 sin(⌦t+ �)Back	  to	  a	  sine	  modula1on	  	  

• 	  Un1l	  now	  we	  saw	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  which	  does	  not	  work.	  	  J̄ = J J0(⇠0)

• 	  But	  one	  can	  also	  produce	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  using	  a	  resonance	  !	  	  J̄ = J J1(⇠0) e
i�

Step	  two:	  modulate	  at	  	   ⌦ ⇠ ⌦0

Changing	  the	  phase	  of	  the	  tunnel	  coefficient	  (version	  2)	  

Step	  one:	  superimpose	  a	  uniform	  force	  F 	

to	  the	  la>ce.	  

Energy	  offset	  of	  two	  adjacent	  sites	  	   ~⌦0

V (x)� Fx

x

-10 0
-3

-2

-1

0

1

2

3

~⌦0

Kolovsky	  (2011)	  



Use	  a	  resonance	  (con1nued)	  
V (x)� Fx

x

-10 0
-3

-2

-1

0

1

2

3

~⌦0

Look	  for	  the	  state	  vector	  as	  

| (t)i =
X

j

↵j(t) e
ij⌦0t |wji

Schrödinger	  equa1on	  

i ~ ↵̇
j

= �J
⇣
↵
j+1 e

�i (Maẋ0(t)/~�⌦0t) + ↵
j�1 e

+i (Maẋ0(t)/~�⌦0t)
⌘

J̄ = J J1(⇠0) e
i�

OK	  for	  this	  1D	  model	  (mere	  gauge	  transform)	  

For	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  the	  average	  tunnel	  coefficient	  is	  :	  	  ⌦ = ⌦0,
Ma

~ ẋ0(t) = ⇠0 sin(⌦t+ �)⌦ = ⌦0,
Ma

~ ẋ0(t) = ⇠0 sin(⌦t+ �)

J̄ = Jhei[⇠0 sin(⌦t+�)�⌦0t]i = J h
X

n

Jn(⇠0)e
in(⌦t+�) e�i⌦0ti



Going	  to	  two	  dimensions	  

Non-‐symmetric	  modula*on	  	  

x0(t)

t

T1 T2

T

Can	  be	  used	  for	  a	  triangular	  la>ce	  	  
(does	  not	  work	  if	  the	  sides	  of	  the	  unit	  cell	  	  
are	  parallel)	  

Staggered	  flux	   Hamburg	  2013	  

Resonant	  modula*on	  	  

V (x)� Fx

x

-10 0
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0

1

2

3

~⌦0

Can	  be	  adapted	  to	  a	  square	  la>ce	  to	  produce	  
a	  uniform	  flux,	  with	  some	  subtle1es	  ...	  

Munich	  2013,	  MIT	  2013	  
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