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Main idea

Aim of the talk:

presenting an informative data mining viewpoint 
to fundamental objects of many-body theory

Explore universal behavior of data sets

Data Science Statistical mechanics



Why are we planning to data mine a many body 
system?

Motivation 1: large amount of data structures are nowadays 
ubiquitous in both theory (Monte Carlo, stochastic 
simulations, etc.) and experiments
“Motivation” 2: we now have methods to interpret those, that 
were not there in the past
Motivation 3: several open questions can be addressed this 
way, similarly to other fields [theoretical chemistry, data 
science, spotify]



Motivation 1: large data structures

Experiments: tons of data (amenable 
to statistical methods)

Example: wave function snapshots

Atom by atom pictures

Credit: Bloch’s group
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Experiments: tons of data (amenable 
to statistical methods)

Example: wave function snapshots

Atom by atom pictures

 Challenge: exploit naturally 
available many-body 

correlations!

Credit: Bloch’s group



Motivation 1: large data structures

Theory: outcome of numerical 
experiments

Example: Monte Carlo simulations 
(CM, HEP, etc.)

X = {X1, X2, ...XN}
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Elements of a Markov chain
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<latexit sha1_base64="p67VeqxeNkOalNwOF8LJE8pwrAI=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4McxIRC9C0EuOEcyCyST0dGqSJj0L3T1KGPIfXjwo4tV/8ebf2FkOmvig4PFeFVX1vFhwpW3728qsrK6tb2Q3c1vbO7t7+f2DuooSybDGIhHJpkcVCh5iTXMtsBlLpIEnsOENbyd+4xGl4lF4r0cxugHth9znjGojdR6usZOetT3UlFTG3XzBLtpTkGXizEkB5qh281/tXsSSAEPNBFWq5dixdlMqNWcCx7l2ojCmbEj72DI0pAEqN51ePSYnRukRP5KmQk2m6u+JlAZKjQLPdAZUD9SiNxH/81qJ9q/clIdxojFks0V+IoiOyCQC0uMSmRYjQyiT3NxK2IBKyrQJKmdCcBZfXib186JTKl7clQrlm3kcWTiCYzgFBy6hDBWoQg0YSHiGV3iznqwX6936mLVmrPnMIfyB9fkDlRSR7Q==</latexit>



Motivation 1: large data structures

Theory: outcome of numerical 
experiments

Example: Monte Carlo simulations 
(CM, HEP, etc.)

X = {X1, X2, ...XN}

<latexit sha1_base64="5p/PUB5zpQvCwNsH3ttNw90CNFk=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEIHkpISkUvQtGLJ6lg20ATwma7aZduNmF3I5TYg3/FiwdFvPo3vPlv3LY5aOuDgcd7M8zMC1NGpbLtb2NpeWV1bb20Ud7c2t7ZNff22zLJBCYtnLBEuCGShFFOWooqRtxUEBSHjHTC4fXE7zwQIWnC79UoJX6M+pxGFCOlpcA8dC+93A2cKnSDWhValuUGt944MCu2ZU8BF4lTkAoo0AzML6+X4CwmXGGGpOw6dqr8HAlFMSPjspdJkiI8RH3S1ZSjmEg/n94/hida6cEoEbq4glP190SOYilHcag7Y6QGct6biP953UxFF35OeZopwvFsUZQxqBI4CQP2qCBYsZEmCAuqb4V4gATCSkdW1iE48y8vknbNcurW2V290rgq4iiBI3AMToEDzkED3IAmaAEMHsEzeAVvxpPxYrwbH7PWJaOYOQB/YHz+AGqZk8w=</latexit>

Elements of a Markov chain

 Challenge: agnostic 
interpretation / e.g., without 

assumptions

Z = e��H
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Outline

A basic tool to data mine datasets: the intrinsic dimension

Data mining partition functions:
Basic idea: a 3-site toy model
Data mining and classical critical behavior: universal data sets 
and emergent simplicity

Data mining path integrals

Conclusions



The intrinsic dimension
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The intrinsic dimension
the minimal number of variables 
required to describe a dataset

Ex. 1: Klein bottle

Id = 2 < 3

D = 3Original data in 

Operational meaning: one just needs 
2 independent variables to properly 
describe the object of interest
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Id = 1 Id = 2

D = 2
D = 3

Widely applied in ab initio 
molecular dynamics (Laio, 
Rodriguez, etc.)
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D = 2
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Intuition: the intrinsic dimension is informative about 

(1) number of relevant degrees of freedom, and 

(2) complexity of a manifold

Widely applied in ab initio 
molecular dynamics (Laio, 
Rodriguez, etc.)



A basic example: a 3 site model

E(~✓) = �
X

hi,ji

~Si · ~Sj ,

⇢(E) ⇠ e�E(~x)/T

1) States

2) Equilibrium weight:

3) Hamiltonian:

Simple example: 3-site Heisenberg 
model:

~x = (#1,#2,#3)
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Id = 1 Id = 3

Nr ' 104/105
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Message 1: Intrinsic dimension can be informative 
about phases - but what about critical behavior?



Many-body: the Ising model in 2D

E(~s) = �
X

hi,ji

sisj ,

Hamiltonian

~s = (s1, s2, ..., sNs)

Data configurations Tc = 2/ ln(1 +
p
2) ' 2.26...

Second order (conformal) 
phase transition at

⌫ = 1

s1 = (s11, s12, ..) = (0, 1, 0, 1, 1, 1, 0, ...)
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Data structure:

Distance between points: 
Hamming distance r(~si, ~sj) =

X

p

|sip � sjp|
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Emergence of scale-free network

E(~s) = �
X

hi,ji

sisj ,

Hamiltonian

~s = (s1, s2, ..., sNs)

Data configurations

Tc = 2/ ln(1 +
p
2) ' 2.26...

Second order (conformal) 
phase transition at

⌫ = 1

(a) Ising (b) 2D XY 

Id = � ln [1� P (µ)]

ln (µ)

Nr ' 104/105
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Forget about details: if 
straight line, dataset is 

parametrized by a Pareto 
distribution



Emergence of scale-free network

E(~s) = �
X

hi,ji

sisj ,

Hamiltonian

~s = (s1, s2, ..., sNs)

Data configurations

Tc = 2/ ln(1 +
p
2) ' 2.26...

Second order (conformal) 
phase transition at

⌫ = 1

(a) Ising (b) 2D XY 

Id = � ln [1� P (µ)]

ln (µ)

Nr ' 104/105

Forget about details: if 
straight line, dataset is 

parametrized by a Pareto 
distribution

First observation of scale free network in the present 
context - those have widespread applications in 

many fields (neural networks, internet, etc.)



Intrinsic dimension: emergent simplicity
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emergent simplicity: 
manifold simplifies at 

transition points!



Intrinsic dimension: universal behavior

Universal collapse 
scaling from 

renormalization group

Tc = 2/ ln(1 +
p
2) ' 2.26...

Second order (conformal) phase 
transition at

⌫ = 1

Id = L⇣f(⇠/L)

⇠ ⇠ (T � Tc)
�⌫

Scaling function
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Free parameters: Tc, ⌫, ⇣

Universality of data 
structure: structural 
transition in data space

Review: A Pelissetto & E Vicari, Physics Reports (2002)


Tc = 2.283(2), ⌫ = 1.02(2), ⇣ = 0.410(5)



Intrinsic dimension: quantitative predictions

Universal collapse 
scaling from 

renormalization 
group

Tc = 2/ ln(1 +
p
2) ' 2.26...

Second order (conformal) 
phase transition at

⌫ = 1
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Useful to find critical 
temperature and 
exponents without 
any assumption on 
order parameters!

Tc = 2.2784(2)



Kaleidoscope of applications

Same behavior for other second order and 
topological transitions
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XY model
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Main messages

Partition functions of classical many-body models remarkably 
describe scale free-networks

Such scale free-networks exhibit emergent simplicity at 
transition points

The data structures undergo a transition as long as the model 
does, with the same critical exponents!



What’s next?

Application to quantum mechanics: Monte Carlo methods 
again
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Also quantum structures seem to exhibit the same universal 
behavior!

1D Heisenberg model



What’s next?

Other perspectives:


- experiments on quantum matter: working of a quantum 
computer and simulator


- variational Monte Carlo methods (first results with Jastrow 
unclear)


- reverse engineer our finding to discover universal data 
structures in, e.g., neural networks
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