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Exchange and statistics 



Particle exchange and statistics 
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Exchange of two (quasi)particles 

Statistics 
Behavior of the state (wave function) 
under the exchange of two 
identical (quasi)particles 
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has to be single-valued with respect to particle coordinates 

Properties of many-body wave functions: 
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Exchange as adiabatic dynamical evolution 
General statements: 

1. Adiabatic theorem: States in a (possibly degenerate) energy subspace 
separated from others by a gap remain in the subspace  when the system 
is changed adiabatically without closing the gap.  

2. Change under adiabatic transport (holonomy) = combination of Berry’s 
phase/matrix and transformation of instantaneous energy eigenstate (explicit 
holonomy) 

3. Holonomy is invariant, but Berry’s phase/matrix and eigenstate transformation 
depend on choice of gauge (and can be shifted from one to the other)  



Exchange as adiabatic dynamical evolution 
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separated by a gap from excited states 

Exchange statistics 
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Constraint on the exchange 

double exchange 
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Conclusion:     in 3D only bosons  (          )  or fermions  (           ) 

3D case: 

ψψ ±→

The contour C can be deformed 
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2D case: 

The contour C cannot be deformed 

0

C

without crossing the origin  

to a point  

0

(i.e., to the case when nothing happens)  

Conclusion:     in 2D more possibilities, not only bosons or fermions 
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Particle exchange in 2D: Braid group (for N particles) 
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1. Braid group is infinite dimensional (           !) in contrast 
to finite-dimensional permutation group (          ) 

1ˆ 2 ≠σ
1ˆ 2 =p

2. Braid group is non-Abelian iiii σσσσ ˆˆˆˆ 11 ++ ≠

(braiding of particles i and i+1) 



Representations of the braid group: statistics of particles 

1. One-dimensional representations:  unique (ground) state 

Elements of the braid group  
(trajectories of particles) 

2. Higher-dimensional representations:  degenerate (ground) state 

Changes of the states under the evolution  
(particle statistics) 

representation 



1. One-dimensional (Abelian) representations 

1. bosons (             ) and fermions (            ) 

Transformation under braiding operation 

Unique (ground) state 

ψψ ϑσ ie→ ˆ

ψ
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0=ϑ πϑ =Examples: 

2. quasiholes in the at  FQHE Laughlin state  

with arbitrary        - Abelian anyons ϑ

M/1=ν

M/πϑ =



for at least two       and 

2. Higher-dimensional representations 

Degenerate ground state of N particles with an 

g,,1, =αψαwith an orthonormal basis 

Transformation under braiding operation 
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σ
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with matrix 

1σ̂
Particles are non-Abelian anyons if  
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(do not commute!) 

Example:     Majorana fermions (Ising anyons) 

βααβ ψψ
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αψ
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states 

gap 

Berry matrix explicit holonomy 

∆



Conditions for non-Abelian anyons: 

Robust degeneracy of the ground state: 

αββα δψψ CV =loc

The degeneracy cannot be lifted by local perturbations 
(which are needed, i.e., for braiding) 

Degenerate ground states cannot be distinguished 
by local measurements 

Topology = invariance under continuous deformations 

Nonlocal measurements:  
bringing anyons together to know the fusion channel; measuring parity, etc. 

Required are highly entangled states and topological field theories 

Braiding of identical particles changes state within the degenerate manifold  



In real world: 

Condition on the time of operations: 
ε


<<<<
∆

T

αψ

excited  
states 

gap 

∆<<ε~
∆

GS degeneracy is lifted 

slow enough to be adiabatic 

fast enough to NOT resolve the GS manifold 



Majorana “fermions” as non-Abelian anyons 

Ettore Majorana, 
1906-1938? 



For a (complex) fermionic operators      and    â
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Introducing Majorana “fermions” 

two hermitian(!) Majorana operators (Majorana fermions) 

Two Majoranas One fermionic mode 

or 
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states of two Majoranas 
(different fusion channels) 

fermionic mode 
(0 or 1 fermion) 

1γ 2γ

Fermionic states and Majorana fusion 

01,00:}1,0{ +== aaStates: 

000ˆ =n +≡=− 0,0021γγi

−≡−=− 1,1121γγi

fermionic parity 
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This image cannot currently be displayed.



are BOTH described by two Majorana fermions (anyons) 

Two-Majorana states: Fusion of Majoranas 

fermionic vacuum                 or  

This “uncertainty” is the origin of their non-Abelian statistics 

State with NO fermion      and state with ONE fermion 

)1(0 =
)(1 ψ=

how do they behave as a combined object seen from distances  
much large than the separation between them 

single-fermion  

0 1

Fusion of two Majoranas            : 21, γγ

2γ

1γ “Observer” l
r

lr >>

The result is either 

ψγγ +→× 1 - Majorana fusion rules 



Braiding (permutation) of Majorana fermions 

Braiding and non-Abelian statistics 

non-Abelian! 

D. Ivanov, PRL 86, 268 (2000) 

J. Alicea et al., Nat. Phys. (2011) 
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- we need spatially separated Majorana fermions 

How to make it useful? 

Majorana fermions as non-Abelian particles: 

- fundamental physical interest 
- applications for quantum computation 

- we need degenerate ground state (for different 
   fusion channels = for states with different fermionic parity!) 



“Making” Majorana fermions 



The pairing amplitude        breaks the          gauge symmetry 

Majorana edge states in Kitaev wire 

Symmetries: ∆

down to the        symmetry 

j
i

j aea ϕ→

A.Y. Kitaev, Phys. Usp. (2001) 

Kitaev wire: spinless fermions with “p-wave” pairing on a1D chain of size L 
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Parity is a conserved quantum number, not the number of particles   
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can be measured! 



Solving Kitaev wire  JJ 2,0 <>≠∆ µ
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Robustness 

“Zero-energy” eigenvalue is robust against static disorder 

mode # 

“zero”-energy  
edge mode 

gap 

bulk mE

+ disorder potential 

This robustness against imperfection is a consequence of the  
topological order in the bulk – topological protection 

mE



Closer look at the “zero-energy” mode  

Majorana edge  
modes 

In Majorana basis 
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The energy of the “zero-energy” mode  

is exponentially small with  
the size of the wire 
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The Hamiltonian of the non-local fermion 

Mα̂The energy of the non-local fermion 

Mα̂

)exp(~ LEM κ− - coupling between Majorana modes 

Quasi degenerate ground state: 0 (                      ) 00ˆ =mα and 

0ˆ += MM α

have exponentially close energies 

with different fermionic parity 



In the “ideal” case 

0=ME

Majoranas 
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Gapped modes 
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but different fermionic number parity 1±=±± FP

Explicit ground state wave functions 
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These states have identical local properties 



Majorana fermions in atomic wires 



“Making” Kitaev wire with cold atoms 

System: fermionic atoms in an optical lattice 

Reservoir: molecular BEC (or BCS) cloud 
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Reservoir 

optical lattice: 

laser laser 

BCS Cooper pair / molecule 

laser 
field coherent two-particle transfer 

(analog to proximity effect) 
 provides pairing amplitude      ∆

JSystem 
hopping 
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open Hamiltonian system. 

Basic idea 

S. Nascimbène, J. Phys. B 46, 134005 (2013) 

L. Jiang, et al, Phys. Rev. Lett. 106, 22042 (2011) 



Braiding of Majorana fermions 
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J. Alicea et al, Nat. Phys. 7 412 (2011) 
T-junction: 

How to realize? 

Moving Majoranas around by changing the local potential 

Can also be done in atomic wires setup. 

Could we do something else? 

1γ 2γ

σ



Braiding of Majorana fermions in atomic wires setup 
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Braiding of Majorana fermions in atomic wires 

Two (nearest) Kitaev wires: 

1γ

3γ

2γ

4γ
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upper wire 

lower wire 

 Four Majorana fermions                             , we braid              and  4321 ,,, γγγγ 11 c=γ 13 d=γ
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Braiding protocol: 

Features:  - small number of steps 
- only four sites and links between them are involved (local)  

Requirement:  - local cite/link addressing 

1c−

1d

J. Simon, et. al, Nature (London) 473:307-312, 2011  
C. Weitenberg, et. al, Nature (London) 471:319-324, 2011  
T. Fukuhara, et. al, Nat. Phys. 9:235, 2011 

C.V. Kraus, P. Zoller, and M.A. Baranov, PRL 111, 203001 (2013) 



Needed local operations: 
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on-site potential 
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Single-link:   switching on/off adiabatically 

between nearest sites    and j l

Together give “Kitaev coupling”  

Single-site:    switching on/off adiabatically 
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Braiding protocol: Step I  

Turn off the couplings between  
sites 1-2 and 3-4; 
turn on hopping between sites 1-3 

tφ changes adiabatically from     to 0 2/π
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Braiding protocol: Step II 
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Braiding protocol: Step III 
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Braiding protocol: Step IV 
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Physics behind 

Result of the braiding protocol: 

13

31

γγ
γγ

→
−→

generated by 






−= 31

8
13 4

exp γγππi
eU

one fermion is taken from the system  
(either from the lower or from the upper wire) 
and inserted into the lower wire 
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Physical consequences: 
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Physical consequences: 
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Demonstration of non-Abelian character 
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Another possibility: 

Starting from   +++
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Using Majorana fermions for QC 



Implementation of the Deutsch-Jozsa algorithm for two qubits 

Although braiding does not provide a tool to build a universal set of gates, 

it still can be used for QC. 

Example: Deutsch-Jozsa algorithm 



Question:  is a given unknown        constant or balanced?  

{ } { } { }1,01,01,0: ⊗gFunction (oracle) 

can be either constant or balanced 

1 

0 

0 
0 

0 0 0 0 

0 
0 

0 
1 1 

1 1 

1 

constant 

balanced 

00 01 10 11

0g

1g

2g

3g

g

Deutsch-Jozsa algorithm (2 qubits) 



H H 

H H 
Ug M 

constant: probability to measure           is  1 

balanced: probability to measure           is  0 

oracle 

Deutsch-Jozsa algorithm for two qubits: only one measurements! 

Naïve way:  three measurements (in the worst case)  

When oracle is realized as a unitary xxU xg
g

)()1(−=

0

0
measurement 

H  Hadamard gate 

00

)(xg

)(xg

(parity ) 

00



Realization of the algorithm via braiding 

controls parity 

Setup: 3 Kitaev wires 

L. Georgiev, Phys. Rev. B 74 (2006) 
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4γ
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encode 2 qubits 
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f
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f
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f
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f
fff 011 321
+++=

C.V. Kraus, P. Zoller, and M.A. Baranov, PRL 111, 203001 (2013) 



Hadamard gate Unitary for an oracle 
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can be done  
in parallel 

can be done  
in parallel 

Realization of the algorithm via braiding (optimum sequence) 

Realization of the algorithm in five steps! 



0000)( 0 =− gU JD

1000)( 1 igU JD =−

1100)( 0 =− gU JD

0100)( 1 igU JD =−

Results: 

Read out:      measuring parities (particle numbers) in the wires 



Summary 

Majorana fermions provide an example of non-Abelian anyons  

- fundamental physical interest 

- applications for quantum computation 

Cold atomic/molecular systems provides a possibility 
to implement and to manipulate Majorana fermions  



Thank you for your attention! 
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