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Why	
  ar1ficial	
  magne1sm?	
  

Orbital	
  and/or	
  spin	
  magne1sms	
  are	
  at	
  the	
  origin	
  of	
  many	
  fundamental	
  	
  
phenomena	
  and	
  prac1cal	
  devices	
  in	
  condensed	
  ma?er	
  physics:	
  

Ferromagne6sm	
  or	
  an6-­‐ferromagne6sm	
  

Quantum	
  Hall	
  effect	
  (integer	
  or	
  frac6onal)	
  

Superconduc6vity	
  and	
  Meissner	
  effect	
  

Spintronics	
  

Topological	
  insulators	
  and	
  superconductors	
  

Aharonov-­‐Bohm	
  effect	
  

Can	
  one	
  address	
  some	
  of	
  them,	
  at	
  least	
  par1ally,	
  with	
  cold	
  atomic	
  gases?	
  



Orbital	
  magne1sm	
  

F = qv ⇥BLorentz	
  force	
  :	
  

Hamiltonian	
  :	
   Ĥ =
(p̂� qA(r̂))2

2M
B = r⇥A

How	
  can	
  one	
  generate	
  such	
  a	
  Hamiltonian	
  and	
  its	
  non-­‐Abelian	
  generaliza1ons?	
  

What	
  are	
  its	
  key	
  features,	
  either	
  for	
  a	
  homogeneous	
  system	
  or	
  a	
  laJce	
  gas?	
  

spectrum,	
  eigenstates,...	
  

What	
  are	
  the	
  combined	
  effects	
  of	
  orbital	
  magne1sm	
  and	
  interac1ons?	
  

Program	
  for	
  the	
  three	
  lectures:	
  

Introductory	
  lectures,	
  to	
  themes	
  that	
  will	
  appear	
  	
  
in	
  several	
  other	
  presenta1ons	
  during	
  the	
  school	
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  aspects	
  of	
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  scales,	
  spectrum,	
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3.	
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  second	
  approach:	
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  of	
  geometric	
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  adiaba6c	
  following	
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  state	
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Spin-­‐orbit	
  coupling	
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Natural	
  scales	
  for	
  energy	
  and	
  length	
  	
  

Natural	
  frequency	
  scale:	
  	
  !c =
qB

M

Energy	
  scale:	
   ~!c

Length	
  scale:	
   ` =

r
~

M!c
=

s
~
qB

magne6c	
  length	
  

How	
  does	
  this	
  length	
  scale	
  appear:	
  	
  

Classically:	
  	
   r0 =
v0
!c

The	
  extension	
  r0	
  decreases	
  with	
  the	
  velocity	
  v0	
  	
  

Quantum	
  mechanics	
  :	
   �ri�pi � ~/2

The	
  magne1c	
  length	
  represents	
  the	
  minimal	
  size	
  of	
  a	
  cyclotron	
  	
  
orbit	
  that	
  is	
  compa1ble	
  with	
  Heisenberg	
  inequality	
  	
  

!c/2⇡ = 28GHzB = 1T : ` ⇡ 26 nmelectron,	
  	
  

B

r0 =
v0
!c

`m

`m

cyclotron	
  mo1on	
  



The	
  energy	
  spectrum	
  for	
  a	
  single	
  par1cle	
  

Equidistant	
  levels	
  (like	
  a	
  harmonic	
  oscillator):	
  Landau	
  levels	
  

~!c

~!c

.	
  .	
  .	
  

Macroscopic	
  degeneracy	
  for	
  each	
  level.	
  Number	
  of	
  independent	
  states	
  in	
  an	
  area	
  	
  	
  	
  	
  :	
  	
  

N =
A

2⇡`2m
=

�

�0

� = AB

�0 = h/q

A

flux	
  of	
  B	
  across	
  the	
  area	
  	
  A
flux	
  quantum	
  

...	
  

...	
  

...	
  

Lowest	
  Landau	
  level	
  =	
  LLL	
  

Electron	
  in	
  a	
  1	
  Tesla	
  field:	
  240	
  states	
  in	
  1	
  µm2	
  area	
  

En = (n+ 1/2)~!c



The	
  Aharonov-­‐Bohm	
  effect	
  

r0

screen	
  

B

Can	
  one	
  detect	
  that	
  a	
  current	
  runs	
  in	
  the	
  	
  
solenoid	
  even	
  though	
  the	
  par1cles	
  do	
  not	
  	
  
enter	
  the	
  zone	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ?	
  	
  B 6= 0

Yes,	
  in	
  a	
  two-­‐wave	
  interference.	
  The	
  magne1c	
  field	
  creates	
  a	
  phase	
  difference	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  :	
  	
  

:	
  flux	
  of	
  B	
  across	
  a	
  closed	
  contour	
  	
  
	
  	
  encircling	
  the	
  solenoid	
  

:	
  flux	
  quantum	
  �0 = h/q

�

:	
  gauge-­‐invariant,	
  measurable	
  quan?ty	
  

Aharonov-­‐Bohm	
  (1959)	
  
Ehrenberg-­‐Siday	
  (1949)	
  

�(C)
2⇡

=
q

h

I

C
A(r) · dr =

�

�0

�(C)

ei�(C)
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A	
  first	
  approach:	
  orbital	
  magne1sm	
  and	
  rota1on	
  

x

y y

x

⌦t

Hamiltonian	
  in	
  a	
  rota1ng	
  frame	
  

ˆ̃H =
p̂2

2M
+ V (r̂)� ⌦L̂z

=
(p̂� qA(r̂))2

2M
+ V (r) + Vcentrif.(r)

Vcentrif.(r) = �1

2
M⌦2r2

Vector	
  poten1al	
  (symmetric	
  gauge)	
  	
  
for	
  a	
  uniform	
  field	
  	
  	
  

qA = M⌦(�yu
x

+ xu
y

)

qB = 2M⌦

Rota?on	
  :	
  uniform	
  magne?c	
  	
  field	
  +	
  quadra?c	
  deconfining	
  poten?al	
  

F
Lorentz

= q v ⇥B F
Coriolis

= 2M v ⇥⌦

F centrif. = M⌦2r

L

z

= xp

y

� yp

x



Rota1ng	
  a	
  cold	
  atom	
  gas	
  

Start	
  from	
  a	
  trap	
  as	
  round	
  as	
  possible	
  in	
  the	
  lab	
  frame:	
   !
x

⇡ !
y

1

2
M

�
!

2
x

x

2 + !

2
y

y

2
�

Add	
  a	
  s1rrer	
  with	
  controlled	
  amplitude	
  and	
  frequency	
  

• 	
  Auxiliary	
  laser	
  beams	
  

• 	
  Magne1c	
  poten1al	
  

ENS	
  

It	
  works,	
  as	
  shown	
  by	
  the	
  nuclea1on	
  of	
  vor1ces	
  in	
  a	
  superfluid	
  ...	
  

ENS,	
  105	
  atoms	
  

is constant … ! v! " 2#" . For a superfluid,
the circulation of the velocity field, v!, is
quantized in units of $ " h/M, where M is the
atomic mass and h is Planck’s constant. The
quantized vortex lines are distributed in the
fluid with a uniform area density (18)

nv " 2#/$ (1)

In this way the quantum fluid achieves the
same average vorticity as a rigidly rotating
body, when “coarse-grained” over several
vortex lines. For a uniform density of vorti-
ces, the angular momentum per particle is
Nv%/2, where Nv is the number of vortices in
the system.

The number of observed vortices is plotted
as a function of stirring frequency # for two
different stirring times (Fig. 3). The peak near
60 Hz corresponds to the frequency #/2& "
vr/'2, where the asymmetry in the trapping
potential induced a quadrupolar surface excita-
tion, with angular momentum l " 2, about the
axial direction of the condensate (the actual
excitation frequency of the surface mode v "
'2vr is two times larger due to the twofold
symmetry of the quadrupole pattern). The same
resonant enhancement in the vortex production
was observed for a stiff trap, with (r " 298 Hz
and (z " 26 Hz (aspect ratio 11.5), and has
recently been studied in great detail for small
vortex arrays (19).

Far from the resonance, the number of vor-
tices produced increased with the stirring time.
By increasing the stir time up to 1 s, vortices
were observed for frequencies as low as 23 Hz
(!0.27(r). Similarly, in a stiff trap we observed
vortices down to 85 Hz (!0.29 (r). From Eq. 1
one can estimate the equilibrium number of
vortices at a given rotation frequency to be
Nv " 2&R2#/$. The observed number was
always smaller than this estimate, except near
resonance. Therefore, the condensate did not
receive sufficient angular momentum to reach
the ground state in the rotating frame. In addi-
tion, because the drive increased the moment of
inertia of the condensate (by weakening the
trapping potential), we expect the lattice to ro-
tate faster after the drive is turned off.

Looking at time evolution of a vortex lattice
(Fig. 4), the condensate was driven near the

quadrupole resonance for 400 ms and then
probed after different periods of equilibration in
the magnetic trap. A blurry structure was al-
ready visible at early times. Regions of low
column density are probably vortex filaments
that were misaligned with the axis of rotation
and showed no ordering (Fig. 4A). As the dwell
time increased, the filaments began to disentan-
gle and align with the axis of the trap (Fig. 4, B
and C), and finally formed a completely or-
dered Abrikosov lattice after 500 ms (Fig. 4D).
Lattices with fewer vortices could be generated
by rotating the condensate off resonance. In
these cases, it took longer for regular lattices to
form. Possible explanations for this observation
are the weaker interaction between vortices at
lower vortex density and the larger distance

they must travel to reach their lattice sites. In
principle, vortex lattices should have already
formed in the rotating, anisotropic trap. We
suspect that intensity fluctuations of the stirrer
or improper beam alignment prevented this.

The vortex lattice had lifetimes of several
seconds (Fig. 4, E to G). The observed sta-
bility of vortex arrays in such large conden-
sates is surprising because in previous work
the lifetime of vortices markedly decreased
with the number of condensed atoms (3).
Theoretical calculations predict a lifetime in-
versely proportional to the number of vortices
(5). Assuming a temperature kBT ! ), where
kB is the Boltzmann constant, the predicted
decay time of ! 100 ms is much shorter than
observed. After 10 s, the number of vortices

Fig. 1. Observation of
vortex lattices. The
examples shown con-
tain approximately
(A) 16, (B) 32, (C) 80,
and (D) 130 vortices.
The vortices have
“crystallized” in a tri-
angular pattern. The
diameter of the cloud
in (D) was 1 mm after
ballistic expansion,
which represents a
magnification of 20.
Slight asymmetries in the density distribution were due to absorption of the optical pumping light.

Fig. 2. Density profile through a
vortex lattice. The curve repre-
sents a 5-)m-wide cut through a
two-dimensional image similar to
those in Fig. 1 and shows the high
contrast in the observation of the
vortex cores. The peak absorption
in this image is 90%.

Fig. 3. Average number of vorti-
ces as a function of the stirring
frequency # for two different
stirring times, (F) 100 ms and
(!) 500 ms. Each point repre-
sents the average of three mea-
surements with the error bars
given by the standard deviation.
The solid line indicates the equi-
librium number of vortices in a
radially symmetric condensate
of radius Rr " 29 )m, rotating at
the stirring frequency. The arrow
indicates the radial trapping
frequency.
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y y
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Cri1cal	
  rota1on	
  

Choose	
  a	
  quadra1c	
  s1rring	
  poten1al	
  

V0(r) =
1

2
M!

2(x2 + y

2)

In	
  the	
  rota1ng	
  frame	
  

�V (x, y) =
✏

2
M!

2
�
y

2 � x

2
�

isotropic	
  

Can	
  one	
  reach	
  the	
  Hamiltonian	
  of	
  a	
  free	
  par1cle	
  in	
  a	
  uniform	
  magne1c	
  field?	
  	
  

We	
  must	
  choose	
  simultaneously	
  
✏ ! 0

⌦ ! !

Vcentrif.(r) = �1

2
M⌦2(x2 + y

2)

=
(p̂� qA(r̂))2

2M

?	
  
Ĥ =

(p̂� qA(r̂))2

2M
+ V0(r̂) + �V (r̂) + Vcentrif.(r̂)

(vanishing	
  confinement)	
  

(vanishing	
  s1rring)	
  



Possible	
  paths	
  towards	
  the	
  cri1cal	
  rota1on	
  

Boulder:	
  “evapora1ve	
  spin-­‐up”	
  

• 	
  Prepare	
  a	
  cloud	
  rota1ng	
  at	
  a	
  ”moderate”	
  velocity	
  with	
  a	
  s1rrer	
  at	
   ⌦ ⇠ 0.7 !

• 	
  Switch	
  off	
  the	
  s1rrer	
  and	
  evaporate	
  the	
  par1cles	
  along	
  the	
  trap	
  axis	
  

x

y y

x

⌦t

u
x

uyu0
y

u0
x

⌦t

particle is unchanged. Atom loss leads to a small decrease
in cloud radius which, through conservation of angular
momentum, increases ~!!. Over a period of up to 2 sec we
decrease the number of BEC atoms by up to a factor of
100, to 5! 104, while increasing ~!! from 0.95 to more
than 0.99 [19]. At this point, further reduction in number
degrades the quality of images unacceptably. Ongoing
evaporation is imposed to retain a quasipure BEC with
no discernible thermal cloud.

With increasing rotation, centrifugal force distorts the
cloud into an extremely oblate shape (see Fig. 1) and
reduces the density significantly—thus the BEC ap-
proaches the quasi-two-dimensional regime. For the
highest rotation rates we achieve, the chemical potential
! is reduced close to the axial oscillator energy, "2D "
!

2 #h!z
# 1:5, and the gas undergoes a crossover from inter-

acting- to ideal-gas behavior along the axial direction. To
probe this crossover, we excite the lowest order axial
breathing mode over a range of rotation rates. For a
BEC in the axial Thomas-Fermi regime, an axial breath-
ing frequency !B $

!!!

3
p

!z has been predicted in the limit
~!! ! 1 [20], whereas !B $ 2!z is expected for a non-
interacting gas.

To excite the breathing mode, we jump the axial trap
frequency by 6%, while leaving the radial frequency
unchanged (within <0:5%). To extract the axial breathing
frequency !B, we take 13 nondestructive in-trap images
of the cloud, perpendicular to the axis of rotation. From
the oscillation of the axial Thomas-Fermi radius [21] in
time we obtain !B. Rotation rates are obtained [19] from
the aspect ratio by averaging over all 13 images to elimi-
nate the effect of axial breathing. As shown in Fig. 2(a),
we do indeed observe a frequency crossover from !B $
!!!

3
p

!z to !B $ 2!z as ~!! ! 1. To quantify under which
conditions the crossover occurs, we plot the same data vs
"2D [Fig. 2(b)], where the chemical potential is deter-
mined from the measured atom number, the rotation rate,
and the trap frequencies. For "2D < 3, the ratio !B=!z
starts to deviate from the predicted hydrodynamic value
and approaches 2 for our lowest "2D # 1:5.

As ~!! ! 1, also the dynamics in the radial plane are
affected. For the highest rotation rates, interactions be-
come sufficiently weak that the chemical potential !

drops below the cyclotron energy 2 #h!, which is only a
few percent smaller than the Landau level spacing 2 #h!".
Then, "LLL " !

2 #h! < 1, and the condensate primarily oc-
cupies single-particle states in the LLL. These form a
ladder of near-degenerate states, with a frequency split-
ting of # $ !" %!. The number of occupied states is
NLLL # !

#h# . We are able to create condensates with "LLL
as low as 0.6, which occupy NLLL # 120 states with
a splitting #< 2$! 0:06 Hz. In this regime of near-
degenerate single-particle states a drastic decrease of
the lattice’s elastic shear strength takes place. The elastic
shear modulus C2 is predicted by Baym [11] to decrease
with increasing rotation rate from its value in the ‘‘stiff ’’
Thomas-Fermi (TF) limit, CTF

2 $ n&!' #h!=8 (where n&!'
is the BEC number density) to its value in the mean-field
quantum-Hall regime, of CLLL

2 # 0:16! "LLLCTF
2 . We

directly probe this shear strength by exciting the lowest
order azimuthally symmetric lattice mode [&n $ 1;
m $ 0' Tkachenko mode [9–11] ]. Its frequency !&1;0' (
!!!!!!

C2
p

is expected to drop by a factor of # 2:5 below the TF
prediction when "LLL $ 1.

Our excitation technique for Tkachenko modes has
been described in Ref. [10]. In brief, we shine a focused
red detuned laser (% $ 850 nm) onto the BEC center,
along the axis of rotation. This laser draws atoms into
the center, and Coriolis force diverts the atoms’s inward
motion into the lattice rotation direction. The vortex
lattice adjusts to this distortion, and after we turn off
the beam, the lattice elasticity drives oscillations at the
frequency !&1;0'. We observe the oscillation by varying
the wait time after the excitation and then expanding the

FIG. 1. Side view images of BECs in trap. (a) Static BEC. The
aspect ratio Rz=R" $ 1:57 (N $ 3:8! 106 atoms) resembles
the prolate trap shape. (b) After evaporative spin-up, N $
3:3! 106, ~!! $ 0:953 and (c) evaporative plus optical spin-
up, N $ 1:9! 105, ~!! $ 0:993. Because of centrifugal distor-
tion the aspect ratio is changed by a factor of 8 compared to (a).
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FIG. 2. Measured axial breathing frequency !B=!z (a) as a
function of rotation rate ~!! and (b) vs "2D. Solid line: prediction
for the hydrodynamic regime [20]; dashed line: ideal gas limit.
For ~!! > 0:98 ("2D < 3) a crossover from interacting- to ideal-
gas behavior is observed. Representative error bars are shown
for two data points.
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ENS:	
  add	
  a	
  posi1ve	
  quar1c	
  poten1al	
  to	
  ensure	
  confinement	
  even	
  when	
  	
  ⌦ = !

Evaporated	
  par6cles	
  have	
  less	
  angular	
  momentum	
  than	
  average	
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Adiaba1c	
  approxima1on	
  and	
  geometric	
  phase	
  

Ĥ(�) � :	
  con1nuous	
  external	
  parameter	
  

For	
  each	
  λ	
  ,	
  the	
  eigenstates	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  their	
  energies	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  are	
  known	
  	
  | n(�)i En(�)

Ĥ(�)| n(�)i = En(�) | n(�)i

Hamiltonian	
  

Equa1on	
  for	
  the	
  coefficient	
  	
  	
  	
  	
  	
  	
  :	
  	
  c`

i~ ċ` =
h
E`(t)� i~�̇ · h `|r `i

i
c`

=
h
E`(t)� �̇ ·A`(�)

i
c`

A`(�) = i~ h `|r `iBerry’s	
  connec+on	
  (real)	
  :	
  

E

t

E1

E2

E3

Suppose	
  that	
  the	
  parameter	
  λ,	
  controlled	
  from	
  outside	
  (for	
  the	
  moment)	
  slowly	
  varies	
  in	
  1me	
  

State	
  of	
  the	
  system:	
  	
   | i =
X

n

cn | n[�]i ⇡ c` | `[�]i |c`(t)| = 1 8t

Start	
  at	
  t = 0	
  in	
  a	
  given	
  eigenstate	
  :	
  	
  | (0)i = | `[�0]i

Berry,	
  1984	
  



Berry’s	
  phase	
  and	
  Berry’s	
  curvature	
  

At	
  any	
  1me:	
  | (t)i ⇡ c`(t) | `[�(t)]i i~ ċ` =
h
E`(t)� �̇ ·A`(�)

i
c`

Restrict	
  to	
  the	
  case	
  where	
  λ	
  	
  evolves	
  in	
  a	
  2D	
  or	
  3D	
  space	
  

• 	
  posi1on	
  of	
  a	
  par1cle	
  
• 	
  quasi-­‐momentum	
  in	
  the	
  Brillouin	
  zone	
  

�geom.(C) =
1

~

I

C
A`(�) · d� =

1

~

ZZ

S
B` · d2SB` = r⇥A`

Berry	
  curvature:	
  
real,	
  gauge-­‐invariant	
  

A`(�) = i~ h `|r `i

Full	
  analogy	
  with	
  Aharonov-­‐Bohm	
  phase	
  

The	
  two	
  phases	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  et	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  are	
  gauge	
  invariant:	
  physical	
  quan11es	
  	
  �geom.�dyn.

�dyn.(T ) = �1

~

Z T

0
E`(t) dt

�(0)

�(t)

�(T )

CClosed	
  contour	
  
c`(T ) = ei�

dyn.(T ) ei�
geom.(T ) c`(0)

�geom.(T ) =
1

~

Z T

0

�̇ ·A`(�) dt =
1

~

I
A`(�) · d�



Full	
  quantum	
  treatment	
  for	
  an	
  atom	
  moving	
  in	
  a	
  light	
  field	
  

External	
  degrees	
  of	
  freedom:	
  center-­‐of-­‐mass	
  posi1on	
  and	
  momentum	
   r̂, p̂

Internal	
  degrees	
  of	
  freedom:	
  electronic	
  energy	
  levels	
  

Hamiltonian	
  	
  :	
   Ĥ
tot

=
p̂2

2M
⌦ 1̂

int

+ Ĥ
int

(r̂)

Coupling	
  between	
  the	
  	
  
atomic	
  dipole	
  and	
  the	
  field	
  

CoM	
  
kine1c	
  energy	
  

E

E1

E2

E3

posi1on	
  

Ĥint(r)| n(r)i = En(r) | n(r)i

Dressed	
  states	
  :	
  

What	
  happens	
  if	
  the	
  atom	
  moves	
  	
  
slowly	
  enough	
  to	
  follow	
  adiaba1cally	
  	
  
a	
  given	
  dressed	
  state	
  ?	
  



internal	
  degrees	
  
of	
  freedom	
  | n(r)i

center	
  of	
  mass	
  
r̂, p̂

Schrödinger	
  equa1on	
  for	
  the	
  
probability	
  amplitude	
  �`(r, t)

Adiaba1c	
  approxima1on:	
  
	
  only	
  one	
  state	
  	
  
	
  is	
  populated	
  	
  

| `(r)i

Geometrical	
  gauge	
  fields	
  

i~@�`

@t
=

"
(p̂�A`(r))

2

2M
+ E`(r) + V`(r)

#
�`(r, t)

A`(r) :

V`(r) :

vector	
  poten1al	
  

scalar	
  poten1al	
  

 (r, t) =
X

n

�n(r, t)| n(r)i ⇡ �`(r, t)| `(r)i

 (r, t) =
X

n

�n(r, t)| n(r)i ⇡ �`(r, t)| `(r)i

A`(r) = i~h `|r `i V`(r) =
~2
2M

X

n 6=`

|hr `| ni|2

slow	
   fast	
  

Dum	
  &	
  Olshanii,	
  1996	
  	
  



The	
  two-­‐level	
  atom	
  model	
  (no	
  spontaneous	
  emission)	
  

Raman	
  transi1on:	
  alcali,	
  Er,	
  Dy	
  

|ei

|g1i
|g2i

~�e

Laser	


!a

Laser	


!b

~�

Elimina1on	
  of	
  the	
  excited	
  state	
  	
  	
  	
  	
  	
  	
  to	
  restrict	
  	
  
the	
  dynamics	
  to	
  the	
  subspace	
  

|ei
{|g1i, |g2i}

 =
a⇤

b

2�e

Narrow	
  line:	
  two-­‐electron	
  atoms	
  Mg,	
  Sr,	
  Yb	
  

|gi

|ei~�

Laser of frequency	
  ω	



Dynamics	
  in	
  the	
  subspace	
  

{|gi, |ei}

Atom-­‐laser	
  coupling	
  is	
  characterized	
  by	
  	
  the	
  detuning	
  Δ and	
  the	
  Rabi	
  frequency κ	
  	
  

Ĥint =
~
2

✓
� ⇤

 ��

◆

Rabi frequency κ	
  	
  



Dressed	
  states	
  and	
  geometric	
  poten1als	
  

Look	
  for	
  the	
  eigenstates	
  of	
  	
  

=

~⌦
2

✓
cos ✓ e

�i�
sin ✓

e

i�
sin ✓ � cos ✓

◆

where	
  we	
  set:	
   ⌦ =
�
�2 + ||2

�1/2 tan ✓ = ||/�  = || ei�

coupling	
  	
  

with	
  light	
  
|g2i

|g1i

�
⌦ =

p
�2 + ||2

| +i

E± = ±~⌦
2

|g1i
|g2i

~�
Ĥint =

~
2

✓
� ⇤

 ��

◆

A� = i~ h �|r �i =
~
2

r� (1� cos ✓)

B� = r⇥A� = �~
2

r(cos ✓)⇥r� :	
  	
  	
  	
  need	
  for	
  a	
  gradient	
  of	
  phase	
  and	
  mixing	
  angle	
  
	
  	
  	
  	
  	
  	
  (detuning	
  or	
  laser	
  intensity)	
  	
  

| �i = cos(✓/2)|g2i � e

�i�
sin(✓/2)|g1i



Use	
  a	
  gradient	
  of	
  detuning	
  

Raman	
  transi1on	
  with	
  two	
  plane	
  waves	
  along	
  x	



|g1i
|g2i

eika·r eikb·r

(r) = 0 e2ikx

Ar1ficial	
  magne1c	
  field	
  

B(r) = B0 L3/2(y) uz

B0 =
~k
`
, L(y) = 1

1 + y2/`2

Gradient	
  of	
  detuning	
  Δ	
  along	
  y :	
  	
   �(r) = �0y

Characteris1c	
  length	
  :	
   ` = 0/�
0

y	



x	



z	



tan ✓ = ||/�



x

y

�`

+`

B(r) = B0 L3/2(y) uz B0 =
~k
`
, L(y) = 1

1 + y2/`2

�(C)
2⇡

=
1

h

ZZ

S
B · u d2r,

How	
  large	
  is	
  this	
  magne1c	
  field?	
  

How	
  big	
  should	
  a	
  contour	
  C	
  be	
  to	
  reach	
  a	
  Aharonov-­‐Bohm-­‐Berry	
  phase	
  of	
  the	
  order	
  of	
  2π	
  ?	
  	
  	
  	
  

�

C

criterion	
  reached	
  for	
  a	
  rectangle	
  	
  2` ⇥ �

�(C)
2⇡

⇡ 1

h

~k
`

2`� ⇠ 1

vortices did not form a lattice and the positions of the vortices were
irreproducible between different experimental realizations, consist-
ent with our GPE simulations. We measured Nv as a function of
detuning gradient d0 at two couplings, BVR5 5.85EL and 8.20EL
(Fig. 2). For each VR, vortices appeared above a minimum gradient
when the corresponding field B!h i~d’ LA!

x

!
Ld

" #
exceeded the crit-

ical field B!
c . (For our coupling, B* is only approximately uniform

over the system and ÆB*æ is the field averaged over the area of the
BEC.) The inset shows Nv for both values of VR plotted versus
WB!=W0~Aq! B!h i=h, the vortex number for a system of area
A~pRxRy with the asymptotic vortex density, where Rx (or Ry) is
the Thomas–Fermi radius along x̂x or ŷyð Þ. The system size, and thus
B!
c , are approximately independent ofVR, so we expected this plot to

be nearly independent of Raman coupling. Indeed, the data for
BVR5 5.85EL and 8.20EL only deviated for Nv, 5, probably owing
to the intricate dynamics of vortex nucleation27.

Figure 3 illustrates a progression of images showing that vortices
nucleate at the system’s edge, fully enter to an equilibrium density
and then decay along with the atom number. The timescale for vortex
nucleation depends weakly onB*, and ismore rapid for largerB*with
more vortices. It is about 0.3 s for vortex number Nv$ 8, and
increases to about 0.5 s forNv5 3. ForNv5 1 (B* near B!

c ), the single
vortex always remains near the edge of the BEC. In the dressed state,
spontaneous emission from the Raman beams removes atoms from
the trap, causing the population to decay with a 1.4(2)-s lifetime, and
the equilibrium vortex number decreases along with the area of the
BEC.

To verify that the dressed BEC has reached equilibrium, we pre-
pared nominally identical systems in two different ways. First, we
varied the initial atom number and measured Nv as a function of
atom number N at a fixed hold time of th5 0.57 s. Second, starting
with a large atom number, we measured both Nv and N, as they

X position after TOF (μm)

′ = 0 ′/2π = 0.13 kHz µm–1 ′/2π = 0.27 kHz µm–1
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Figure 2 | Appearance of vortices at different detuning gradients. Datawas
taken for N5 1.43 105 atoms at hold time th5 0.57 s. a–f, Images of the
|mF5 0æ component of the dressed state after a 25.1-ms TOF with detuning
gradient d0/2p from 0 to 0.43 kHzmm21 at Raman coupling BVR5 8.20EL.
g, Vortex numberNv versus d

0 at BVR5 5.85EL (blue circles) and 8.20EL (red
circles). Each data point is averaged over at least 20 experimental

realizations, and the uncertainties represent one standard deviation s. The
inset displaysNv versus the synthetic magnetic fluxWB!=W0~Aq! B!h i=h in
the BEC. The dashed lines indicate d0, below which vortices become
energetically unfavourable according to our GPE computation, and the
shaded regions show the 1s uncertainty from experimental parameters.
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Figure 3 | Vortex formation. a–f, Images of the |mF5 0æ component of the
dressed state after a 30.1-ms TOF for hold times th between 20.019 s and
2.2 s. The detuning gradient d0/2p is ramped to 0.31 kHzmm21 at the
coupling BVR5 5.85EL. g, Top panel shows time sequence of d0. (a.u.,

arbitrary units.) Bottom panel shows vortex numberNv (solid symbols) and
atom number N (open symbols) versus th with a population lifetime of
1.4(2) s. The number in parentheses is the uncorrelated combination of
statistical and systematic 1s uncertainties.

LETTERS NATURE |Vol 462 |3 December 2009

630
 Macmillan Publishers Limited. All rights reserved©2009

Spielman’s	
  team,	
  NIST	
  2009	
  
Raman	
  transi1on	
  with	
  a	
  87Rb	
  BEC	
  	
  

limita6on	
  due	
  to	
  the	
  residual	
  scaMering	
  of	
  photons	
  



Validity	
  of	
  the	
  adiaba1c	
  approxima1on	
  

General	
  criterion:	
  
angular velocity of eigenstate  `

Bohr frequency for  `
⌧ 1

���h �| ̇�i
��� ⇠ v |h �|r �i| ⇠ kv• 	
  angular	
  velocity	
  of	
  the	
  eigenstate	
  

• 	
  Bohr	
  frequency	
   ⌦ = (2
0 +�2)1/2

Here:	
  

The	
  approxima1on	
  is	
  valid	
  if	
  the	
  veloci1es	
  are	
  low	
  enough:	
   k v̄ ⌧ ⌦

Relevant	
  veloci1es	
  are	
  at	
  least	
  of	
  the	
  order	
  of	
  the	
  recoil	
  velocity:	
   vr = ~k/M

Necessary	
  condi1on:	
   Er ⌧ ~⌦ Er = ~2k2/2M

Corresponding	
  cyclotron	
  frequency	
   !c = B/M =) ~!c ⇠ Er

B ⇠ ~k2

Large	
  ar?ficial	
  magne?c	
  fields?	
  	
   B ⇠ ~r(cos ✓)⇥r�

If	
  both	
  gradients	
  are	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (typically	
  in	
  an	
  op1cal	
  laJce),	
  then	
  	
  |r(cos ✓)| ⇠ |r�| ⇠ k



Outline	
  of	
  the	
  lecture	
  

1.	
  The	
  essen1al	
  aspects	
  of	
  orbital	
  magne1sm	
  

2.	
  A	
  first	
  approach:	
  rota1on	
  of	
  the	
  fluid	
  

3.	
  A	
  second	
  approach:	
  use	
  of	
  geometric	
  phases	
  

4.	
  Generalisa1on	
  to	
  non-­‐Abelian	
  poten1als	
  

Spin-­‐orbit	
  coupling	
  

Goldman,	
  Juzeliunas,	
  Ohberg,	
  Spielman,	
  arXiv:1308.6533	
  
Galitski	
  &	
  Spielman,	
  Nature	
  494,	
  p.	
  49	
  (2013)	
  



We	
  are	
  s1ll	
  interested	
  in	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  but	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  now	
  an	
  operator	
  with	
  	
  

respect	
  to	
  the	
  internal	
  degrees	
  of	
  freedom.	
  

Non	
  Abelian	
  gauge	
  fields	
  

Ĥ =

⇣
p̂� Â(r̂)

⌘2

2M
+ . . . Â(r̂)

In	
  par1cular	
  two	
  components	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  may	
  not	
  commute:	
  Â(r̂) [Â
x

(r), Â
y

(r)] 6= 0

Velocity	
  operator:	
   v̂ =
dr̂

dt
=

i

~ [Ĥ, r̂] =
p̂� Â(r̂)

M

Force	
  operator:	
   F̂ = M
dv̂

dt
=

i

~ [Ĥ,M v̂] =
1

2

⇣
v̂ ⇥ B̂ � B̂ ⇥ v̂

⌘

Example:	
  2D	
  case	
  with	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  func1ons	
  of	
  x,y	

Az = 0 A
x,y

B̂ = B̂zuzThen	
  :	
   B̂
z

=
@Â

x

@y

� @Â
y

@x

� i

~ [Ax

,A
y

]

Lorentz	
  

B̂z Â
x

Âycan	
  be	
  non-­‐zero	
  even	
  if	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  are	
  uniform	
  



Adiaba1c	
  approxima1on	
  and	
  	
  
non	
  Abelian	
  gauge	
  poten1als	
  

Wilczek	
  &	
  Zee,	
  1984,	
  	
  
in	
  a	
  Quantum	
  Op1cs	
  version	
  

laser	
  

coupling	
  
Eq

bare	
  levels	
  

dressed	
  levels	
  

An	
  atom	
  prepared	
  in	
  the	
  (quasi)	
  degenerate	
  subspace	
  	
  	
  	
  	
  	
  	
  will	
  stay	
  there	
  if	
  its	
  velocity	
  is	
  small	
  	
  Eq

 (r, t) =
X

n2Eq

�n(r, t) | n(r)i

The	
  q	
  coupled	
  equa1ons	
  for	
  the	
  	
  amplitudes	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  contain	
  a	
  matrix	
  vector	
  poten1al	
  �n(r, t)

Â(n,m)
= i~h n(r)|r m(r)i

Important	
  in	
  molecular	
  and	
  condensed	
  maMer	
  physics	
  



Example:	
  symmetric	
  tripod	
  configura1on	
  

k1

k2

k3

Jg = 1

Je = 0

k1 k2 k3

|g1i |g2i |g3i

|ei

|B(r)i

|ei

E2(r)

Only	
  one	
  linear	
  combina1on	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  coupled	
  at	
  any	
  point	
  to	
  	
  {|g1i, |g2i, |g3i}

|B(r)i = 1p
3

�
e�ik1·r|g1i+ e�ik2·r|g2i+ e�ik3·r|g3i

�
|ei

bright	
  state	
  

Juzeliunas,	
  
Ruseckas,	
  
Dalibard,	
  2010	
  

Adiaba1c	
  evolu1on	
  in	
  the	
  orthogonal	
  “dark”	
  subspace	
  	
  (	
  	
  	
  	
  	
  	
  	
  of	
  dimension	
  2)	
  E2

Â =
~k
2

(�̂
x

u
x

+ �̂
y

u
y

)

Corresponding	
  Hamiltonian	
  :	
   Ĥ =

⇣
p̂� Â(r̂)

⌘2

2M
=

p̂2

2M
� ~k

2M
(p̂

x

�̂
x

+ p̂
y

�̂
y

) + . . .

spin-­‐orbit	
  coupling	
  

	
  :	
  Pauli	
  matrices	
  �̂j



Physical	
  origin	
  of	
  “usual”	
  spin-­‐orbit	
  coupling	
  

Essen?ally	
  a	
  rela?vis?c	
  phenomenon	
  

A	
  charged	
  par1cle	
  (electron)	
  moves	
  with	
  velocity	
  	
  	
  	
  	
  	
  	
  in	
  a	
  region	
  with	
  an	
  electric	
  field	
  	
  	
  	
  	
  	
  .	
  	
  

In	
  the	
  frame	
  of	
  the	
  par1cle,	
  a	
  mo1onal	
  magne1c	
  field	
  appears:	
  	
  

E
B / v ⇥ E

Spin-­‐orbit	
  coupling	
  results	
  from	
  the	
  interac1on	
  between	
  the	
  mo1onal	
  magne1c	
  

field	
  and	
  the	
  intrinsic	
  magne1c	
  moment	
  of	
  the	
  par1cle,	
  propor1onal	
  to	
  its	
  spin	
  	
  

µ = � S

Atomic	
  physics:	
   (r ⇥ p) · S = L · S

Solid	
  materials	
  :	
  	
  	
  	
  	
  	
  	
  uniform,	
  coupling	
  	
  	
  E piSj Rashba,	
  Dresselhaus	
  

Coupling	
  between	
  	
  	
  	
  	
  and	
  	
  Sv

v



Physics	
  of	
  spin-­‐orbit	
  coupling	
  

Applica?ons:	
  Spintronics	
  

Control	
  of	
  the	
  interac1on	
  between	
  spins	
  and	
  linear	
  momentum	
  with	
  an	
  external	
  electric	
  field	
  

Fundamental	
  physics:	
  

• 	
  Topological	
  insulators,	
  analogous	
  to	
  Quantum	
  Hall	
  effect	
  (at	
  least	
  in	
  2D),	
  but	
  which	
  do	
  	
  
	
  	
  not	
  require	
  the	
  breaking	
  of	
  1me-­‐reversal	
  symmetry	
  and	
  which	
  should	
  be	
  more	
  robust	
  
	
  	
  with	
  respect	
  to	
  thermal	
  excita1ons.	
  

• 	
  Single	
  atom	
  physics:	
  massive	
  degeneracy	
  of	
  the	
  ground	
  state	
  of	
  the	
  Hamiltonian	
  

Zero-­‐energy	
  state	
  for	
  all	
  momenta	
  	
  
such	
  that	
  Ĥ =

⇣
p̂� ⌘Ŝ

⌘2

2M
|p| = ⌘S

• 	
  For	
  a	
  Fermi	
  gas	
  in	
  contact	
  with	
  a	
  superconductor,	
  it	
  can	
  lead	
  to	
  the	
  crea1on	
  of	
  	
  
	
  	
  	
  Majorana	
  par1cles	
  

Galitski	
  &	
  Spielman,	
  2013	
  



1D	
  version	
  of	
  spin-­‐orbit	
  coupling	
  

Realised	
  with	
  a	
  Bose	
  gas	
  (NIST,	
  2011),	
  a	
  Fermi	
  gas	
  (MIT,	
  Tsinghua	
  2012)	
  	
  
+	
  laJce	
  version	
  (Munich	
  2013,	
  MIT	
  2013)	
  	
  

Raman	
  transi1on	
  with	
  two	
  plane	
  waves:	
  transla1on-­‐invariant	
  problem	
  	
  

|g1i
|g2i

eika·r eikb·r
Ĥ(p) =

✓
(p� ~k)2/2M + ~�/2 ~0/2

~0/2 (p+ ~k)2/2M � ~�/2

◆

2k = ka � kb

F(p) = {|g1,p� ~ki, |g2,p+ ~ki}Family	
  :	
  

=
1

2M

⇣
p� Â

⌘2
+

~�
2

�̂
z

+
~0

2
�̂
x

Â = ~k�̂zwith	
  	
  

Physical	
  origin:	
  recoil	
  //	
  Doppler	
  effect	
  

globally	
  stable	
  under	
  the	
  ac6on	
  of	
  the	
  atom-­‐light	
  coupling	
  



1D	
  spin-­‐orbit	
  coupling	
  

However	
  one	
  keeps	
  a	
  non-­‐unique	
  ground	
  state,	
  	
  
at	
  least	
  for	
  small	
  values	
  of	
  the	
  atom-­‐laser	
  coupling	
  	
  

Abelian	
  gauge	
  field:	
  	
  Â = ~k�̂z [Â
x

(r), Â
y

(r)] = 0
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  a	
  zero-­‐detuning	
  Δ=0	
  

Ĥ(p) =

✓
(p� ~k)2/2M ~0/2

~0/2 (p+ ~k)2/2M

◆

~0 < 4ErDouble	
  minimum	
  if	
  

Opposite	
  from	
  the	
  situa?on	
  where	
  the	
  adiaba?c	
  approxima?on	
  is	
  valid	
  



Experimental	
  results	
  for	
  
1D	
  spin-­‐orbit	
  coupling	
  

Spielman,	
  NIST	
  2012	
  

effectively describes spinless bosons with a tunable dispersion rela-
tion16 with which we engineered synthetic electric17 and magnetic
fields18 for neutral atoms.

In the absence of Raman coupling, atoms with spins j"æ and j#æ
spatially mixed perfectly in a BEC. By increasing V we observed an
abrupt quantum phase transition to a new state where the two dressed
spins spatially separated, resulting from a modified effective inter-
action between the dressed spins.

We studied SO coupling in oblate 87Rb BECs with about 1.8 3 105

atoms in a l 5 1,064-nm crossed dipole trap with frequencies (fx, fy,
fz) < (50, 50, 140) Hz. The bias magnetic field B0ŷ generated a vZ/
2p< 4.81 MHz Zeeman shift between j"æ and j#æ. The Raman beams
propagated along ŷ+x̂ and had a constant frequency difference DvL/
2p< 4.81 MHz. The small detuning from the Raman resonance
d 5 B(DvL 2 vZ) was set by B0, and the state jmF 5 11æ was
decoupled owing to the quadratic Zeeman effect (see Methods).

We prepared BECs with an equal population of j"æ and j#æ at V,
d 5 0, then we adiabatically increased V to a final value up to 7EL in
70 ms, and finally we allowed the system to equilibrate for a holding
time th 5 70 ms. We abruptly (toff , 1ms) turned off the Raman lasers
and the dipole trap—thus projecting the dressed states onto their
constituent bare spin and momentum states—and absorption-imaged
them after a 30.1-ms time of flight (TOF). For V . 4EL (Fig. 1d), the
BEC was located at the single minimum q0 of E2(q) with a single
momentum component in each spin state corresponding to the pair
{j", q0 1 kLæ, j#, q0 2 kLæ}. However, for V , 4EL we observed two
momentum components in each spin state, corresponding to the
two minima of E2(q) at q" and q#. The agreement between the data
(symbols), and the expected minima locations (curves), demonstrates

the existence of the SO coupling associated with the Raman dressing.
We kept d < 0 when turning on V by maintaining equal populations in
bare spins j"æ, j#æ (see Fig. 1d).

We experimentally studied the low-temperature phases of these
interacting SO-coupled bosons as a function of V and d. The zero-
temperature mean-field phase diagram (Fig. 2a, b) includes phases
composed of a single dressed spin state, a spatial mixture of both
dressed spin states, and coexisting but spatially phase-separated
dressed spins.

This phase diagram can largely be understood as the result of non-
interacting bosons condensing into the lowest-energy single particle
state, and can be divided into three regimes (Fig. 2a). In the region of
positive detuning marked j#9æ, there are double minima at q 5 q", q# in
E2(q) with E2(q#) , E2(q") and the bosons condense at q#. In the
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Figure 1 | Scheme for creating SO coupling. a, Level diagram. Two
l 5 804.1 nm lasers (thick lines) coupled states | F 5 1, mF 5 0æ 5 |"æ and
| F 5 1, mF 5 21æ 5 |#æ, differing in energy by a BvZ Zeeman shift. The lasers,
with frequency difference DvL/2p 5 (vZ 1 d/B)/2p, were detuned d from the
Raman resonance. | mF 5 0æ and | mF 5 11æ had a B(vZ 2 vq) energy
difference; because Bvq 5 3.8EL is large, | mF 5 11æ can be neglected.
b, Computed dispersion. Eigenenergies at d 5 0 for V 5 0 (grey) to 5EL. When
V , 4EL the two minima correspond to the dressed spin states |"9æ and |#9æ.
c, Measured minima. Quasimomentum q",# of |"9, #9æ versus V at d 5 0,
corresponding to the minima of E2(q). Each point is averaged over about ten
experiments; the uncertainties are their standard deviation. d, Spin–momentum
decomposition. Data for sudden laser turn-off: d < 0, V 5 2EL (top image pair),
and V 5 6EL (bottom image pair). For V 5 2EL, |"9æ consists of :, x<0
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Figure 2 | Phases of a SO-coupled BEC. a, b, Mean field phase diagrams for
infinite homogeneous SO-coupled 87Rb BECs (1.5-kHz chemical potential).
The background colours indicate atom fraction in |"æ and |#æ. Between the
dashed lines there are two dressed spin states, |"9æ and |#9æ. a, Single-particle
phase diagram in the V2d plane. b, Phase diagram (enlargement of the grey
rectangle in a), as modified by interactions. The dots represent a metastable
region where the fraction of atoms f"9,#9 remains largely unchanged for th 5 3 s.
c, Miscible-to-immiscible transition. Phase line for mixtures of dressed spins
and images after TOF (with populations N"< N#), mapped from |"9æ and |#9æ
showing the transition from phase-mixed to phase-separated within the
‘metastable window’ of detuning.
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Conclusions	
  

Time	
  dependent	
  Hamiltonian	
  (rota?ons)	
  	
  

• 	
  Possibility	
  to	
  generate	
  non	
  uniform	
  magne1c	
  field	
  

• 	
  Possibility	
  to	
  generate	
  non-­‐Abelian	
  gauge	
  fields,	
  in	
  par1cular	
  
	
  	
  2D	
  or	
  3D	
  spin-­‐orbit	
  coupling	
  

• 	
  1D	
  spin-­‐orbit	
  coupling,	
  although	
  quite	
  simple	
  at	
  the	
  single	
  atom	
  level,	
  	
  
	
  	
  	
  is	
  promising	
  from	
  the	
  many-­‐body	
  point	
  of	
  view	
  	
  

Need	
  to	
  control	
  the	
  hea1ng	
  due	
  to	
  spontaneous	
  emission	
  .	
  	
  

Geometric	
  phases	
  for	
  laser-­‐dressed	
  states	
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Two	
  routes	
  for	
  the	
  simula1on	
  of	
  orbital	
  magne1sm	
  in	
  a	
  quasi-­‐uniform	
  system	
  

Next	
  6me:	
  gauge	
  fields	
  in	
  a	
  laVce	
  


