
Lecture 2





Other 1D systems



Fermions

Right (+kF) and left (-kF) particles



Spins

Powerlaw correlation functions

Non universal exponents K(h,J)

Use boson or fermions mapping
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Calculation of Luttinger
parameters

• Trick: use thermodynamics and BA or numerics

• Compressibility: u/K

• Response to a twist in boundary: u K

• Specific heat : T/u

• Etc.



Tonks limit

U = 1 : spinless fermions

Not for n(k) : ψF ≠ ψB

Free fermions: 
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Luttinger parameters

M. Klanjsek et al., PRL  101 137207 (2008)

NMR relaxation rate: 



Tests of 1d physics/ TLL
in cold atoms



Bosons (continuum)



Optical lattices (dilute)
B. Paredes et al., Nature 429 277 (2004)
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I am your worst nightmare

Confining potential / Trap
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• No homogeneous phase !



Atom chips

K large (42) 

S. Hofferberth et al. Nat. Phys 4 
489 (2008)
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D. Schmidiger et al. PRL 108 167201 (12):
K. Yu et al. arxiv/1406.6876 (14)

†
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Spin ladders



Fractionalization of excitations



1 = ½ + ½ 

E(k) = cos(k1) + cos(k2)
k = k1 + k2



Neutron scattering

B. Thieleman et al. PRL 102, 107204 (2009)



Spin

Spin-Charge Separation

Charge

Spinon Holon



Spin

Spin-Charge Separation 
higher D ?

Charge

Energy increases with spin-charge separation

Confinement of  spin-charge: « quasiparticle »



A. Kleine, C. Kollath et al.  PRA 77 013607 (2008); NJP 10 045025 (2008)

Proposal for cold atoms (Rb)



End of the story ...... ??????

Quantitative agreement with the 
predictions of the Luttinger liquid 

NO! Luttinger liquid plays the 
same role than Fermi liquid did



To boldly go where no theorist 
has gone before…. 



Beyond Luttinger liquids

• 1D additional perturbation: 
Lattice (Mott transition), disorder (Bose glass) etc.
Multicomponents, mixtures, …..

• Out of  equilibrium situations 
A. Mitra, TG,  Phys. Rev. Lett. 107, 150602 (2011)
E. Dalla Torre, E. Demler,TG, E. Altman, Nat. Phys. 6 
806 (2010); PRB 85 184302 (2012) 



• Impurities, polarons in 1D systems:

• Ladders and magnetic fields:
E. Orignac, TG Phys. Rev. B 64, 144515 (2001)
M. Atala et al., arxiv/1402.0819

• Dimensional crossover 1d – 2d/3d:
AF Ho, M.A. Cazalilla, TG, PRL 92 130403 
(2004);NJP 8 158 (2006).



Mott transition



Lattice: Mott transition

Costs U

Quantum phase transition

SU MI U



Superfluid

Mott 
Insulator

Mott transition and cold atoms

Lase
r

Lase
r

[D. Jaksch et al. PRL 81 (1998)]
[M Greiner et al. Nature, 415 (2002)]

Superfluid to Mott insulator 

transition  in a 3D optical 
lattice



How to treat?

• Incommensurate: Q ≠ 2 π ρ0

•Commensutate: Q = 2 π ρ0

cos(2 ( ) )H dx x xφ δ= +∫

cos(2 ( ))H dx xφ= ∫

0 cos( ) ( )H dxV Qx xρ= ∫
0(2 2 ( ))

0 0cos( ) i x xH dxV Qx e πρ φρ −= ∫



Competition

2 21
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π
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Beresinskii-
Kosterlitz-Thouless
transition at K=2

String order
parameter

0 0 cos(2 ( ))LS V dxd xρ τ φ= − ∫



Mott insulator:
φ is locked
Density is fixed

Gap in the excitation spectrum
n(k)T. Kuhner et al. PRB 61 12474 (2000) 

TG, Physica B 
230 975 (97)

/( ) rG r e ξ−∝



E. Haller et al. Nature 466 597 (2010)



Non-LL and impurity problems



Itinerant ferromagnet
(two component bosons)

Localized magnet: simple

spin waves



Itinerant magnet: non trivial !

• Interplay of  density and spin fluctuations

• Itinerant: still a quadratic dispersion 

• Standard 1D theory (TLL) not applicable !

[Fuchs et. al.,PRL (2005) ]

• Mobile Impurity in a LL



Mobile impurity

Single spin down particle

M. B. Zvonarev, V. V. Cheianov, TG, PRL 99 240404 (2007); 



Link with other systems



Feynman polaron

• Quantum particle dressed with phonons

• Dissipation ??

• Polaron problem

• Renormalization of  the mass m -> m*



Quantum dissipative systems

• Caldeira Leggett model



• Quantum particle + bath of  harmonic osc.

• Note: non-linear coupling

• Ambegaokar-Hakim model



Trapped/open 
regimes

Light cone of  
spinless bosons

Propagation of the impurity



Driven impurity vs diffusion

• Normal transport 

• Einstein relation: µ = D



Simulations
A. Kantian, U. Schollwoeck, TG arxiv/1311.1825



Coherent motion



``Diffusion’’



Experiments



Driven impurity



Diffusive impurity
J. Catani, G. Lamporesi, D. Naik, M. Gring, 
M. Inguscio, F. Minardi, A. Kantian, TG 
PRA 85 023623 (2012) 



Polaronic effect 



T. Fukuhara, A. Kantian, M. Endres, M. Cheneau, 
P. Schauss, S. Hild, D. Bellem, U. Schollwock, TG, 
C. Gross, I. Bloch, S. Kuhr , Nat. Phys. (2013) 

Coherent spin excitation 
Heisenberg ferromagnet



Ferromagnetic Heisenberg



Coherent propagation of a magnon

Heisenberg model : ex 1·i i
i

H J S S += ∑
 

2

ex
4JJ
U

=



Impurity in a LL (weak lattice)



Polaronic effect



Cold atoms and 1d Physics



Important points / wishes

 Get rid of the trap !!! / Local probes

 Fermions / Multicomponents

 Artifical gauge fields
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