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I) The Tan contact thermodynamics ↔ short-distance physics

entropy as a function of inverse scattering length

dS(U, V,N,1/a) = 1
T dU + p

T dV −
µ
T dN −

X1/a
T d (1/a)

gives dF (T, V,N,1/a) = −S dT − p dV + µdN +X1/a d (1/a)

i.e. X1/a d (1/a) is the work done in an infinitesimal change d(1/a)

define a positive, extensive contact by X1/a = −~2C/(4πm) < 0

in a trap C =
∫
R C defines an intensive contact density C(R).

∂F (T )
∂(1/a) = ∂U(S)

∂(1/a) = − ~2

4πm ·
∫
R C(R) Tan adiabatic theorem

d p(µ, T,1/a) = ndµ+ s dT + ~2

4πm C d (1/a)
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Tan relations (Tan ’05 Braaten/Platter ’08) C determines

• closed channel fraction Nb = r? ·
∫
R C(R) /(4π) Werner, .. ’06

• energy density ε =
∑
σ

∫
k

~2k2

2m

[
nσ(k)−

C
k4

]
+

~2C
4πma

• virial theorem U = 2
∫
R
Vext(R)n(R) −

~2

8πma

∫
R
C(R)

• structure factor S↑↓(q)→ C/8q Hu, Liu, Dr. ’08

• clock-shift and asymptotics of the RF-spectrum

3



RF-spectroscopy in Fermi gases Chin et al ’04
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RF in imbalanced gases

Schunk et al ’07

average clock shift

hardly changes from

balanced superfluid to

polarized normal phase
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RF-spectrum Punk/Zw. + Baym et al ’07

I(ω) ∼ 〈
[
Ψ̂†3(t)Ψ̂↓(t), Ψ̂

†
↓(0)Ψ̂3(0)

]
〉ω→

∫
k ImGR↓ (k, ξk − ω)

clock shift ~ω̄ =
〈H ′12〉
N2

(
ḡ13
ḡ12
− 1

)
= ~2C

4πn2

(
1
a12
− 1
a13

)
measures the contact density C = s · kF↑k3

F↓

at unitarity ω̄(σ = 0) = -0.46 vF/a13 (s ' 0.1)

strongly imbalanced gas ω̄(σ . 1) =−0.43 vF/a13
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Fermions with zero range interactions

H(R) =
~2

2m

∑
σ
∇Ψ̂†σ∇Ψ̂σ(R) + ḡ(Λ) Ψ̂†↑Ψ̂

†
↓Ψ̂↓Ψ̂↑(R)

contact density C(R) = ḡ2(Λ)〈Ψ̂†↑Ψ̂
†
↓Ψ̂↓Ψ̂↑(R)〉 = ḡ2(Λ) 〈Oc(R)〉

measures probability of Fermions with opposite spin

to be close 〈n̂↑
(
R−

x

2

)
n̂↓

(
R +

x

2

)
〉 =

C(R)

16π2|x|2
+ . . .

the contact also appears in G(1)(x→ 0) via OPE Braaten ... ’10

Ψ̂†σ(R +
x

2
)Ψ̂σ(R−

x

2
)= n̂σ(R) + ix · p̂σ(R)−

|x|
8π

g2(Λ) Ψ̂†↑Ψ̂
†
↓Ψ̂↓Ψ̂↑(R) + . . .

→ tail in the momentum distribution nσ(k)→ C/k4
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II) Fermions at Unitarity or High -Tc below 1µK

BCS ’57 Fermions ↑↓ with density n = k3
F/3π2 and

attractive two-particle interaction V↑↓(x) = ḡ · δ(x)

pairs both form and condense at Tc ∼ exp− 1
|ḡ|N(0) � TF

what happens at infinite coupling g =∞ ?
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scattering length in 6Li gN(0)→ 2kFa/π →∞ at B0 = 832.15 G
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attractive fermions evolve into repulsive bosons

add = 0.6 a > 0 Petrov/Shlyapnikov/Salomon ’03

critical temperature

Nozieres/SR ’85

Drechsler/Zw. ’92

Randeria,.. ’93

Haussmann ’94 0

0.05

0.1

0.15

0.2

0.25

θ c
 =

 T
c/T

F

-2 0 2 4
1/kFa

BEC at Tc = 0.218TF ∼ n2/3 independent of a
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Scale Invariance at a =∞ and for kF re → 0 x→ sx gives

Ĥ → Ĥ/s2 since δ0(k) = π/2− rek/2 + . . . becomes indep. of k

→ pressure p = 2ε/3 Ho ’04 bulk viscosity ζ = 0 Son ’07

ground state p(∞) = ξs · p(0)
F Bertsch-parameter ξs

determines cloud size in a trap RTF = R
(0)
TF · ξ

1/4
s

universal numbers ξs ' 0.36, Tc ' 0.16TF , ∆0 ' 0.46 εF

transport: shear viscosity η(Tc) ' 0.5 ~n Shuryak ’04
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Luttinger-Ward approach two-body int. V↑↓(x) = ḡ(Λ) δ(x)

Ω[Ĝ] = −kBT ln Z = β−1
(
−1

2Tr{− ln Ĝ+ [Ĝ−1
0 Ĝ− 1]} −Φ[Ĝ]

)

Ladder-approximation

−1

3

2
1

l
l

δΩ[Ĝ]/δĜ = 0 determines both G(k, τ) and F(k, τ)

Haussmann/Rantner/Cerrito/Zw. ’07
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why does Luttinger-Ward work well ?

• it is conserving → all th. dyn. relations are obeyed

• it obeys scale invariance at a =∞ → p = 2ε/3

• it obeys the Tan relations e.g.
∂ p(µ, T )

∂ (1/a)
=

~2C
4πm

contact density C
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Bold DiagMC [Van Houcke et al., preliminary]
virial 2 [Yu,Bruun,Baym + Boltzman]

virial 3 [Hu,Liu,Drummond + Mueller,Ho]
virial 3.5 [Hu,Liu,Drummond + Liu,Hu,Drummond]

Determinental DiagMC at Tc [Goulko and Wingate]
First order [Enss, Haussmann, Zwerger et al.]

ENS experiment, low T
T=0 Fixed-node MC [Gandolfi,Schmidt,Carlson]

First order, our code
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pressure as a function of T/TF and 1/kFa (ξs = 0.36)
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equation of state from density profiles n(Vext)→ n(µ)

pressure P (µ) =
∫ µ n(µ′) entropy S/NkB = (P/P0 − µ/εF )TF/T

universal scaling function P (µ, T )/P0(µ, T ) = f(βµ) → ξ
−3/2
s ' 4.45tion and theory (23). At low temperatures, the

reduced chemical potential m/EF saturates to the
universal value x. As the internal energy E and
the free energy F satisfy E(T ) > E(0) = 3

5N xEF =
F(0) > F(T ) for all T, the reduced quantities
fE ≡ 5

3
E

NEF
¼ p̃ and fF ≡ 5

3
F

NEF
¼ 5

3
m
EF
− 2

3 p̃ (Fig.
3A) provide upper and lower bounds for x (29).
Taking the coldest points of these three curves and
including the systematic error due to the effective
interaction range, we find x = 0.376(4). The un-
certainty in the Feshbach resonance is expected
to shift x by at most 2% (13). This value is con-
sistent with a recent upper bound x < 0.383(1) from
(30), is close to x = 0.36(1) from a self-consistent
T-matrix calculation (23), and agrees with x =
0.367(9) from an epsilon expansion (31). It lies
below earlier estimates x = 0.44(2) (32) and x =
0.42(1) (33) from fixed-node quantumMonteCarlo
calculation that provides upper bounds on x. Our
measurement agrees with several less accurate ex-
perimental determinations (6) but disagrees with
the most recent experimental value 0.415(10) that
was used to calibrate the pressure in (12).

From the energy, pressure, and chemical po-
tential, we can obtain the entropy S = 1

T(E + PV −
mN), and hence the entropy per particle S=NkB ¼
TF
T

p̃ −
m
EF

! "
as a function of T/TF (Fig. 3B). At

high temperatures, S is close to the entropy of
an ideal Fermi gas at the same T/TF. Above Tc,
the entropy per particle is nowhere small com-
pared with kB. Also, the specific heat CV is not
linear in T in the normal phase. This shows that
the normal regime above Tc cannot be described in
terms of a Landau Fermi Liquid picture, although
some thermodynamic quantities agree surpris-
ingly well with the expectation for a Fermi liquid
[see (12) and (13)]. Below about T/TF = 0.17, the
entropy starts to strongly fall off comparedwith that
of a noninteracting Fermi gas, which we again
interpret as the freezing out of single-particle excita-
tions as a result of the formation of fermion pairs.
Far below Tc, phonons dominate. They only have a
minute contribution to the entropy (23), less than
0.02 kB at T/TF = 0.1, consistent with our measure-
ments. At the critical point, we obtain Sc = 0.73(13)
NkB, in agreement with theory (23). It is encourag-
ing for future experiments with fermions in optical
lattices that we obtain entropies less than 0.04 N
kB, far below critical entropies required to reach
magnetically ordered phases.

From the chemical potential m/EF andT=TF ¼
4p

ð3p2Þ2=3
1

ðnl3Þ2=3, we finally obtain the density EoS

n(m,T ) ≡ 1
l3
fnðbmÞ, with the de Broglie wave-

length l ¼
ffiffiffiffiffiffiffiffi
2pħ2
mkBT

q
. The pressure EoS follows

as P(m,T ) ≡ kBT
l3

fPðbmÞ, with fP ¼ 2
5
TF
T p̃fnðbmÞ.

Figure 4 shows the density and pressure nor-
malized by their noninteracting counterparts at
the same chemical potential and temperature. For
the normal state, a concurrent theoretical calcu-
lation employing a new Monte Carlo method
agrees excellently with our data (34). Our data

deviate from a previous experimental determi-
nation of the pressure EoS (12) that was cal-
ibrated with an independently measured value of

x = 0.415(10) (35) and disagree with the energy
measurement in (11) that used a thermometry in-
consistent with the Virial expansion (10). Around
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Fig. 3. (A) Chemical potential m, energy E, and free energy F of the unitary Fermi gas versus T/TF. m (red
solid circles) is normalized by the Fermi energy EF, and E (black solid circle) and F (green solid circle) are
normalized by E0 = 3

5N EF. At high temperatures, all quantities approximately track those for a non-
interacting Fermi gas, shifted by xn − 1 (dashed curves). The peak in the chemical potential signals the
onset of superfluidity. In the deeply superfluid regime at low temperatures, m/EF, E/E0, and F/F0 all approach
x (blue dashed line). (B) Entropy per particle. At high temperatures, the entropy closely tracks that of a
noninteracting Fermi gas (black solid curve). The open squares are from the self-consistent T-matrix
calculation (23). A few representative error bars are shown, representing mean T SD.
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benchmark for bold diagrammatic MC van Houcke et al ’12
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specific heat exhibits a jump ∆C/C|Tc ' 1.2 (1.43 in BCS)
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II) Momentum resolved RF Stewart,Gaebler,Jin ’08

LETTERS

Using photoemission spectroscopy to probe a
strongly interacting Fermi gas
J. T. Stewart1, J. P. Gaebler1 & D. S. Jin1

Ultracold atomic gases provide model systems in which to study
many-body quantum physics. Recent experiments using Fermi
gases have demonstrated a phase transition to a superfluid state
with strong interparticle interactions1–6. This system provides a
realization of the ‘BCS–BEC crossover’7 connecting the physics
of Bardeen–Cooper–Schrieffer (BCS) superconductivity with that
of Bose–Einstein condensates (BECs). Although many aspects of
this system have been investigated, it has not yet been possible to
measure the single-particle excitation spectrum (a fundamental
property directly predicted by many-body theories). Here we use
photoemission spectroscopy to directly probe the elementary exci-
tations and energy dispersion in a strongly interacting Fermi gas of
40K atoms. In the experiments, a radio-frequency photon ejects an
atom from the strongly interacting system by means of a spin-flip
transition to a weakly interacting state. We measure the occupied
density of single-particle states at the cusp of the BCS–BEC cross-
over and on the BEC side of the crossover, and compare these
results to that for a nearly ideal Fermi gas. We show that, near
the critical temperature, the single-particle spectral function is
dramatically altered in a way that is consistent with a large pairing
gap. Our results probe the many-body physics in a way that could
be compared to data for the high-transition-temperature super-
conductors. As in photoemission spectroscopy for electronic
materials, our measurement technique for ultracold atomic gases
directly probes low-energy excitations and thus can reveal excita-
tion gaps and/or pseudogaps. Furthermore, this technique can
provide an analogue of angle-resolved photoemission spectro-
scopy for probing anisotropic systems, such as atoms in optical
lattice potentials.

As interacting quantum systems with highly tuneable parameters
and well-understood two-body interactions, ultracold atom gases
provide model systems in which to test condensed matter theories.
A challenge for experimenters is to find ways to probe these atom
gases that relate directly to condensed matter ideas and enable sens-
itive searches for new phenomena that can advance our understand-
ing of strongly correlated systems. At a very basic level, the effect of
interactions is a modification of the single-particle states. As the
amount of interaction is increased, the single-particle eigenstates of
the non-interacting case become quasi-particles and phase transi-
tions manifest themselves as qualitative changes in the excitation
spectrum, such as the appearance of energy gaps. The single-particle
excitation spectrum can be predicted by many-body theory and is a
fundamental property of any interacting system.

For electronic systems, photoemission spectroscopy provides a
powerful technique to probe the occupied single-particle states8. In
a typical photoemission spectroscopy experiment, electrons are
ejected from a substance through the photoelectric effect (Fig. 1a).
The photoelectrons are collected, energy- and momentum-resolved,
and counted to give a spectrum of intensity as a function of the

measured kinetic energy, ek 5 "2k2/2m. Here " 5 h/2p, where h is
Planck’s constant, and m is the particle mass. By conservation of
energy, we can determine the energy of the original single-particle
state, ES, using

ES~ekzQ{hn ð1Þ

Here hn is the photon energy, Q is the work function of the surface
and EF 2 ES is often referred to as the binding energy8 (EF is the Fermi
energy).

For ultracold atom gases, radio-frequency spectroscopy has been
used to probe a strongly interacting Fermi gas2,9–13. In a typical experi-
ment, a radio-frequency pulse drives atoms into an unoccupied
Zeeman spin state, where they are counted to yield a spectrum of
counts versus frequency. To date, the radio-frequency outcoupled
atoms have not been energy- or momentum-resolved. However, in
analogy to electron photoemission spectroscopy, the momentum of
the radio-frequency photon is negligible in comparison with the
typical momentum of the atoms, and the momenta of the outcoupled
atoms are therefore characteristic of the original atom states.
Equation (1) applies to photoemission spectroscopy of atom gases,
by means of momentum-resolved radio-frequency spectroscopy, if
we simply replace the work function Q with the Zeeman energy split-
ting (Fig. 1b). The extension of photoemission spectroscopy from
condensed matter to cold Fermi gases was discussed in ref. 14.

1JILA, Quantum Physics Division, National Institute of Standards and Technology and Department of Physics, University of Colorado, Boulder, Colorado 80309-0440, USA.

hn

(E k
, k

)

hn

a b

0

j

E

kkF

Figure 1 | Photoemission spectroscopy for ultracold atom gases. a, In
electron photoemission spectroscopy, the energy of electrons emitted from
solids, liquids or gases is measured using the photoelectric effect. Using
energy conservation, the original energy of the electrons in the substance can
be determined. Similarly, in photoemission spectroscopy for atoms, a radio-
frequency photon with energy hn transfers atoms into a weakly interacting
spin state. b, The radio-frequency photon drives a vertical transition where
the momentum "k is essentially unchanged. By measuring the energy and
momentum of the outcoupled atoms (upper curve) we can determine the
quasi-particle excitations and their dispersion relation (lower curve). Here Q
is the Zeeman energy difference between the two different spin states of the
atom.
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In this paper, we use photoemission spectroscopy—specifically
momentum-resolved radio-frequency spectroscopy—to probe an
ultracold gas of fermionic 40K atoms. As in photoemission spectro-
scopy in solids, this measurement probes the single-particle spectral
function, which is directly related to the single-particle Green’s func-
tion predicted by many-body theories8. We use this new technique to
probe the Fermi gas near a magnetic-field Fano–Feshbach resonance
where strong atom–atom interactions can be tuned to realize a Fermi
superfluid in the region of the BCS–BEC crossover1–6.

Our Fermi gas consists of approximately 3 3 105 40K atoms in a
mixture of two spin states. The gas is confined in an optical dipole
trap and evaporatively cooled to T/TF < 0.16, where T is the temper-
ature, TF is the Fermi temperature as defined by TF 5 EF/kB, and kB is
Boltzmann’s constant. In our photoemission spectroscopy, we apply
a radio-frequency pulse that couples atoms in one of the two spin
states to an unoccupied, third spin state. There are two essential
requirements for determining the excitation spectrum. The first is
that the interaction energy be small enough that ek 5 "2k2/2m holds
and the data are not subject to complicated final-state effects15–21. The
second requirement is that collisions do not scramble the energy and
momentum information carried by the outcoupled atoms. In pre-
vious radio-frequency spectroscopy measurements, these require-
ments were not both satisfied2,11–13. In our 40K gas, however, the
interaction energy of the outcoupled atoms is approximately
h 3 640 Hz, which is much smaller than EF. Furthermore, the mean
free path of the outcoupled atoms is much greater than the size of the
gas: 1/sn < 6RF, where s is the collision cross-section, n is the average
density and RF is the Fermi radius of the non-interacting gas.

To resolve the kinetic energy ek of the radio-frequency outcoupled
atoms, we apply a radio-frequency pulse that is short in comparison
with the trap period. We then immediately turn off the trap, let the
gas ballistically expand and measure the velocity distribution using
state-selective time-of-flight absorption imaging (Fig. 2). Assuming a
symmetric momentum distribution, we extract the three-dimen-
sional momentum distribution of the outcoupled atoms from the
two-dimensional image by performing an inverse Abel transform.

We first consider the case of an ideal Fermi gas. To create a very
weakly interacting gas, we adiabatically ramp the magnetic field to
the zero crossing of the Feshbach resonance. In Fig. 3a, we plot the
intensity, which is proportional to the number of atoms transferred
into the third spin state, as a function of the original single-particle
energy ES and wavenumber k. The data are obtained by varying the
radio frequency and counting the outcoupled atoms as a function of
their momenta. We define zero energy to be the energy of a non-
interacting atom at rest in the initial spin state. The intensity map for
a non-interacting Fermi gas is expected to show delta function peaks
at ES 5 ek. The white symbols mark the centres of the intensity at each

value of k, as determined from Gaussian fits; these show good agree-
ment with the expected dispersion (black line). The root-mean-
square width in ES of the measured spectrum in Fig. 3a is
h 3 2.1 kHz and is due to an energy resolution that derives from
the radio-frequency pulse duration.

To create a strongly interacting Fermi gas, we adiabatically ramp
the magnetic field to the peak of the Feshbach resonance, where the
s-wave scattering length a diverges and the dimensionless interaction
parameter 1/k0

Fa equals zero. Here k0
F is the Fermi wavevector that

corresponds to the peak density of the original, weakly interacting
gas. Previous measurements have shown that after the ramp to
1/k0

Fa 5 0, our Fermi gas initially with T/TF 5 0.16 will be at
(0.9 6 0.1) 3 Tc, where Tc is the temperature of the transition to
the superfluid state1. From photoemission spectroscopy of the
strongly interacting gas, we extract the intensity map shown in
Fig. 3b. The interactions lower the overall energy and flatten the
dispersion curve. In addition, the energy width is broadened well
beyond our energy resolution.

Interpretation of previous radio-frequency spectroscopy measure-
ments2,12 in terms of a pairing gap is a difficult problem that is still
unsolved theoretically7. The photoemission spectroscopy technique
presented here directly measures the occupied density of single-par-
ticle states, and is therefore well suited to measuring pairing gaps. In
BCS theory the gap vanishes at Tc; however, in the BCS–BEC cross-
over a pseudogap due to preformed pairs is predicted to exist above
Tc (refs 22–28). The spectral function for a strongly interacting,
homogeneous Fermi gas near Tc is predicted to have a gap-like dou-
ble-peak structure, with peaks following a ‘BCS-like’ dispersion curve

a b

Figure 2 | Extracting the three-dimensional momentum distribution. a, A
time-of-flight absorption image (145mm 3 145mm) of atoms that have been
transferred into a third spin state is taken after applying a radio-frequency
pulse to a Fermi gas on the BEC side of the Feshbach resonance. b, After
performing quadrant averaging we use an inverse Abel transform to
reconstruct the three-dimensional momentum distribution. In this example,
a two-dimensional slice at the centre reveals a shell-like structure for the
momentum distribution of the outcoupled atoms.
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Figure 3 | Single-particle excitation spectra obtained using photoemission
spectroscopy of ultracold atoms. Plotted are intensity maps (independently
scaled for each plot) of the number of atoms outcoupled to a weakly
interacting spin state as a function of the single-particle energy ES (expressed
as frequency) and wavenumber k. Black lines show the expected dispersion
curves for an ideal Fermi gas. White symbols mark the centre of each fixed-k
energy distribution curve. a, Data for a very weakly interacting Fermi gas.
The Fermi wavevector k0

F is 8.6 6 0.3 mm21. b, Data for a strongly interacting
Fermi gas where 1/k0

Fa 5 0 and T < Tc. The white line is a fit of the centres to
a BCS-like dispersion. c, Data for a gas on the BEC side of the resonance
where 1/k0

Fa < 1 and the measured two-body binding energy is
h 3 (25 6 2 kHz). We attribute the upper feature to unpaired atoms and the
lower feature to molecules. The white line is a fit to the centres using a
quadratic dispersion.
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measures hole spectral function A−(k, εk − ~ω)
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A(k, ε) from G(k, τ) via G(k, ωn) =
∫
dε

A(k, ε)

−i~ωn + ε− µ
(Maxent)

momentum integrated rf locally resolved Y. Shin,... MIT ’08

I(ω) = ~
∫
k A−(k, εk − ~ω) (no final state interactions)

high frequency asymptotics I(ω)→
C

4π2

( ~
m

)1/2
· ω−3/2

consistent with

nσ(k)→ C/k4

Stewart et al ’10

(k )Fa
-1

C
/k

F

-3 -2 -1 0
0
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2
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4

5
Momentum
RF lineshape
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BCS quasiparticles ABCS(k, ε)=u2
k δ(ε− E

(+)
k ) + v2

k δ(ε− E
(−)
k )

at E(±)
k = µ±

√
(εk − µ)2 + ∆2 have infinite lifetime

numerical spectral functions A(k, ε) at T = 0

(kFa)−1 = −1 unitarity (kFa)−1 = +1

sharp quasiparticles only near excitation minimum k0 < kF
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spectral functions at unitarity for T/TF = 0.01, ..0.14,0.16, ..0.3

no pronounced pseudogap above Tc in spite of backbending
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comparison with experiment Haussmann/Punk/Zw. ’09
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locally resolved
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MIT ’08
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RF-spectroscopy in 2D Langmack/Barth/Braaten/Zw. ’12

V (x) = g2 δ(x) seems scale invariant Pitaevskii, Rosch ’97

scatt. amplitude f(q)=
4π

ln(1/q2a2
2) + iπ

requires g2(Λ)= −
2π

ln(Λa2)

broken scale invariance in RF I(ω)→
ln2(E′d/Ed) C

4mω2
[
ln2(ω/E′d) + π2

]

exp. at MIT ’12 smooth onset of bound-free

spectrum ∼ C/ ln2(ω − Ed)

dimer energy at 3D Feshbach-

resonance Ed = 0.244 ~ωz
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