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SEE, the LADY has FAL-LEN in the WA-
TER!
Can she SWIM?
No, but she can FLOAT-—Here she comes NOW !
What are those NUM-BERS?
They are the var-ious POINTS on her HEAD__
Why has she got POINTS on her HEAD?
They are IM-AG-IN-ARY : They show which
parts of her Head made the Pretty RIP-PLES.
See, the RIP-PLES are NUM-BERED.
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Why do the Num-bers go BACK-WARD?

Because that is the ORDER they were made in.
FIRST the TOP of her HEAD made the OUT-
SIDE Rip-ple—That’'s NUM-BER ONE.

How did it get to be on the OUT-SIDE?

It Started FIRST. Then the circles on her
HEAD made the SMAL-LER RIP-PLES, count-
ing IN.

I don’t see any CIR-CLES on her head.

They are Imag-in-ary, too. As her HEAD comes
UP it makes— |
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What is the FISH doing ?
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What is the FISH doing ?
NOTH-ING.

]
{ sgf

p




[y [




...for it is clear that at a point where all the cotidal lines meet, it is

11 hours, that is, the tide vanishes...
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Cotidal Lines




Some History

Violets

Consider how the violets you smell this spring
In your forest-bound garden of rocks

Convey the same surprising scent that Sappho
Smelled some twenty centuries ago.

While empires crumble and epics fade,
The scent of the violet

Drawn from the indifferent dust

Proclaims the same enduring news:

The mute and fragrant gospel of the grass.

Cornel Adam Lengyel
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Topology in a Nutshell

Topology Turns Geometry into Counting
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Liquid Crystals

7\\4 /W /
N /

Isotropic nematic smectic A smectic C
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Otto Lehman Friedrich Reinitzer
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3-D fluids 2-D fluids

discotic

cholesteric

% http://www?.sfu.ca/chemistry/faculty/Williams/phasetypes.html
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by Peter J. Collings, Princeton University Press, 1990
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Smectic Liquid Crystals and Lamellae

Photos by Michi Nakata


http://www.physics.upenn.edu/~kamien/

Film by Jean Painleve, Liquid Crystals by Yves Bouligand


http://www.physics.upenn.edu/~kamien/

Film by Jean Painleve, Liquid Crystals by Yves Bouligand


http://www.physics.upenn.edu/~kamien/
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O Topology

Soft Matter

www.softmatter.org Volume 5 | Number 2 | 21 January 2009 | Pages 253-480
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O Topology
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O Topology

Wm M. Ravnik, M. Skarabot, S. Zumer, U. Tkalec, |. Poberaj, D. Babi¢, N. Osterman, |. Musevi¢, PRL 99 (2007)
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Nematics in Two Dimensions
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Nematics in Two Dimensions: What are we seeing?
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Nematics in Two Dimensions: What are we seeing?

0 <

AV Fh TR TR R TR TR WA
SN
77N
D)
W/
NS

/)

/

T
-

—_—

SN NN N NN

———

S

7

S [

—

/
|
\
§

-

T

-

N~/

DEEEE|
/NN

>N\ U\

NN\

\
%

T

— =

\
|
/
/

NG NN NN N

-

APenn



Nematics in Two Dimensions: What are we seeing?
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Nematics in Two Dimensions: What are we seeing?
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Nematics in Two Dimensions: What are we seeing?
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Nematics in Two Dimensions: What are we seeing?
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Nematics in Two Dimensions
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Point Defects in Two Dimensions
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Nematics in Two Dimensions
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Nematics in Two Dimensions
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Nematics in Two Dimensions
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Nematics in Two Dimensions

A B C D
Rubbing
direction
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Defects and Homotopy: Quick Review

Sample Ground State Manifold
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Sample Ground State Manifold
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Defects and Homotopy: Quick Review

Sample Ground State Manifold

&Penn



Seminal Paper on Which My Knowledge is Based

Acta Applicandae Mathematicae 8 (1987), 65-74
© 1987 by D. Reidel Publishing Company.

Topological Properties of Ordinary

Nematics in 3-space

KLAUS JANICH
Universitit Regensburg, Fakultdt fiir Mathematik, Universitdtsstrasse 31,

D-8400 Regensburg, West Germany
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Defect Lines and Defect Points < Different Generalizations
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Second Homotopy Group

Sample Ground State Manifold
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Second Homotopy Group

Sample Ground State Manifold




Second Homotopy Group

Sample Ground State Manifold




First Homotopy Group - Line Defects

Terentjev, PRE 51 (1995) 1330

How Do Lines Compensate Points?



First Homotopy Group - Line Defects

Terentjev, PRE 51 (1995) 1330

How Do Lines Compensate Points?
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http://cis.jhu.edu/education/introPatternTheory/chapters/lie/lie1.html

Uniaxial Nemati

1 i S :
o I 5 are homotopic in uniaxial nematics
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Point Defects in Two Dimensions
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Disclination Loop

o :-% are homotopic 1n uniaxial nematics

© YES OR NO




Point Defects in Three Dimensions

hedgehog charge +|
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Point Defects in Three Dimensions

hedgehog charge +1
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Point Defects in Three Dimensions
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Point Defects in Three Dimensions
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Charged Tori!

Hybrid Anchoring
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UPENN MRSEC, Cavallaro et al. Soft Matter 9 (2013) 9099.
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Charged Tori!

Hybrid Anchorinq
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What is the Point Charge?

q=— [ dedy n - |[0,n X Oyn|

@Penn B. Senyuk, Q. Liu, S. He, RDK, R.B. Kusner, T.C. Lubensky, and I|.I. Smalyukh, Nature 493 (2013) 205.



What is the Point Charge?

http://www.supermath.info/ZooOfMathematicalCreatures.html

@ﬁm B. Senyuk, Q. Liu, S. He, RDK, R.B. Kusner, T.C. Lubensky, and |.I. Smalyukh, Nature 493 (2013) 205.
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What is the Charge?

1

4= A

dxdy n - [0,n X O,n]

&Penn B. Senyuk, Q. Liu, S. He, RDK, R.B. Kusner, T.C. Lubensky, and I.I. Smalyukh, Nature 493 (2013) 205.
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What is the Charge?

1

4= A

dxdy n - [0,n X O,n]
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What is the Charge?

&Penn B. Senyuk, Q. Liu, S. He, RDK, R.B. Kusner, T.C. Lubensky, and I.I. Smalyukh, Nature 493 (2013) 205.



Nematics in Two Dimensions
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..we just need the black lines
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Nematics in Two Dimensions

These directed lines carry all of the topology (Pontryagin-Thom)
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Nematics in Two Dimensions
These directed lines carry all of the topology (Pontryagin-Thom)
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Bordisms
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Nematics in Three Dimensions

instead of considering a single (or two) orientations,
look at a whole curve of orientations:
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space of orientations

@j)el 11N B.G. Chen, P.J. Ackerman, G.P. Alexander, RDK, and I.l. Smalyukh, PRL 110 (2013) 237801.
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Point defects in 3D = color phase singularity on a surface

B.G. Chen, P.J. Ackerman, G.P. Alexander, RDK, and I.l. Smalyukh, PRL 110 (2013) 237801.
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Nematics in Three Dimensions - Bryan Chen’s Approach

From 2D to 3D:a visual dictionary of defects

Point defects in 2D = endpoints of lines

Line defects in 3D = boundaries of surfaces

@j)enn B.G. Chen, P.J. Ackerman, G.P. Alexander, RDK, and I.I. Smalyukh, PRL 110 (2013) 237801.
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From 2D to 3D:a visual dictionary of defects

Point defects in 2D = endpoints of lines

Line defects in 3D = boundaries of surfaces

@j)enn B.G. Chen, P.J. Ackerman, G.P. Alexander, RDK, and I.I. Smalyukh, PRL 110 (2013) 237801.



- The Hedgehog
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Nematics in Three Dimensions - The Hedgehog
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Nematics in Three Dimensions - The Hedgehog
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Nematics in Three Dimensions - The Hedgehog
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Nematics in Three Dimensions - The Hedgehog

Z

“Black” Stripes For Each Direction in the Plane

@j)em B.G. Chen, P.J. Ackerman, G.P. Alexander, RDK, and I.I. Smalyukh, PRL 110 (2013) 237801.



Nematics in Three Dimensions - The Hedgehog

Z

“Black” Stripes For Each Direction in the Plane

@j)erm B.G. Chen, P.J. Ackerman, G.P. Alexander, RDK, and I.I. Smalyukh, PRL 110 (2013) 237801.
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Point defects in 3D = color phase singularity on a surface

B.G. Chen, P.J. Ackerman, G.P. Alexander, RDK, and I.l. Smalyukh, PRL 110 (2013) 237801.
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Nematics in Three Dimensions - Bryan Chen’s Approach
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Nematics in Three Dimensions - Bryan Chen’s Approach

direction of color
winding switches!
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Dynamics Generates Homotopy

Monday
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measure: h
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Dynamics Generates Homotopy

Thursday
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Change Circles to Spheres!
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Disclination Loop
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Disclination Loop
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What Information Do We Get From the Texture on The

#Penn Torus?
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Topological Colloids
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The Gauss-Bonnet Theorem

n(x) ¢
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principal directions

curvature tensor

L = SAS?
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The Gauss-Bonnet Theorem

n(x) ¢

curvature tensor

L = SAS’

L= — eigenvalues x1 and k2

<] =sls

principal directions
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Two Kinds of Curvature

Mean or Extrinsic
Curvature

Gaussian or Intrinsic
Curvature

K =K1K

K>0
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Gauss-Bonnet Theorem

1

= 1= drdy n - |0,n X Oyn|
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Gauss-Bonnet Theorem

1

g — yp drdy n - |0,n X Oyn|
1

q — — d.’lﬁldl‘g 1 - [/ﬂel X /43262]
A
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Gauss-Bonnet Theorem

1

4= drdy n - |0,n X Oyn|
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47 47
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Gauss-Bonnet Theorem
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Gauss-Bonnet Theorem

g=1
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see, for instance, RDK, Rev. Mod. Phys. 74 (2002) 953



Topological Colloids With Topology!
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Planar Anchoring on a Sphere: Mermin-Ho
n(x)
N(x) = cos|0(x)]e;(x) + sin[0(x)]ex(x)

@Penn N.D. Mermin and T.L. Ho, Phys. Rev. Lett. 36 (1976) 594.



Planar Anchoring on a Sphere: Mermin-Ho

n(x)]
N(x) = cos[8(x)]e; (x) + sin[B(x) ex(x)
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Planar Anchoring on a Sphere: Mermin-Ho

n(x)}
N(x) = cos[6(x)]e; (x) + sin[B(x)]ex(x)
e;(x) - d;N(x)=—sin0(x) [0;0(x) — e;(x) - d;2(x)] (%)
ex(x) - d;N(x)=cos 8(x) [0;0(x) + €(x) - 0;e (X)] T UN(X)
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=€ [0je7' ()] [0ke3 (X)] +
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Planar Anchoring on a Sphere: Mermin-Ho
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Planar Anchoring on a Sphere: Mermin-Ho
n(x)

V5 Q)= [ x)el(x) — 00k x)| e [3,m0 )] Bun(x)

|
:igaBYna (X) eijkajnﬁ (X) aknY(X)
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Planar Anchoring on a Sphere: Mermin-Ho
n(x)

V5 Q)= [ x)el(x) — 00k x)| e [3,m0 )] Bun(x)

:%eaﬁyn“(x)ei #0;mP (%) 9" (x) e1(x)

1
# of Defects = Q—/dAn- (V x Q)
T

1
> #OfDefects:Z—/dAKzz(l_g)
7
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No Colloid

F = % / A2 K jkmdin;Onm

Derrick’s Theorem
J. Math. Phys. 5, 1252 (1964)




No Colloid

1
F=l / Pr Ko i
2 km AT Ok im Derrick’s Theorem

- J. Math. Phys. 5, 1252 (1964)




No Colloid

1
F = §/d3:vK¢jkm8mj0knm

T = A\x
—) n(zx) = n(z)

Derrick’s Theorem
J. Math. Phys. 5, 1252 (1964)

)2 5 ~ B ~ .
_) F = 3 d°F KiikmOini(Z/X)Okxnm (Z/A)
1

— X dF K,‘jkmégﬁj (j)ékﬁm(i)
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No Colloid

F = ; /d Kmkma njaknm
} = Ax
s n(z) = n(Z)

)‘2
_} F w & K jkm i (& /\) O (3/0)

/d K@,kma n3($)aknm( )

Derrick’s Theorem
J. Math. Phys. 5, 1252 (1964)

As A\ — 0o, F' — 0 and the texture shrinks to a point
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Topology and Liquid Crystals?
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Topology and Liquid Crystals?

w < 9 w Q
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The Toron Display — Passive!
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The Toron

Taming the toron: From experimental data...

Imaging technique: Trivedi et al, Optics Express 2010
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B.G. Chen, P.J. Ackerman, G.P. Alexander, RDK, and I.l. Smalyukh, PRL 110 (2013) 237801.
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Taming the toron: From experimental data...

Imaging technique: Trivedi et al, Optics Express 2010
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The Toron
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Taming the toron: From experimental data...
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Nematics in Three Dimensions

(Thom construction)
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Threading the Needle
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The Hopf Fibration
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