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The story line of my (4) lectures:

Self —assembly onto templates:

- The grand ensemble in stat phyisics (1)
- Langmuir adsorption (1)
- template has > 1 state : allostery / MWC model (1)

- multiple component adsorption onto templates with
multiple sites: genetic regulation (2)

Self —assembly without templates:
- (empty) virus capsids (3)

- colloid and protein clusters stabilized by (long-range) electrostatic
interactions (4)



Self-assembly on templates: reversible adsorption & allostery

Part 1: 'simple’ adsorption —> template has single state

Yalate

Part 2: allostery —> template has >1 state



Ensembles

idrand Canonical

Microcanoncal

E, V, N TV, N TV, U



Ensembles: pick the one that is convenient for your problem —

Min terms of constraints

Z(T V, N) = ]9 e_ﬂEW (E’V, N)dE Lagrange multiplier for E (total)

| . |
density of states

Canonical partition function
Laplace transforms

BTV, u)=) eMZTV,N)=> A"Z(T,V,N)
N=0 N=0

Grand (canonical) partition function Lagrange multiplier for N (total)

N
Probability distribution of the # of particles  p(N) = A Z(IE’T’V)

=
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Average # of particles
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Grand ensemble is the ensemble
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.. that’s the [ weight of an empty site + weight of an occupied site ]*n

Self-assembly on templates

uncorrelated adsorption on template with n_,, sites
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Take N, of those templates

= =27 = (1 + Ae 9/*T)Nommas

In the case of uncorrelated adsorption, spatial distribution of lattice sites
irrelevant. --> may as well take single lattice with N/ x n_ ., sites.

For a single template

Y dln=, e/ FT
N >= A——— = Nymax
O maT]  Neme/KT
g — <n> __ Ae—€/kT
Nmax 1—|‘)\€_E/kT

the Langmuir adsorption equation




the Langmuir adsorption equation
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Fluctuations

0d<n >
O\

e~/ KT
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A is Lagrange multiplier coupled to conservation of adsorbing species

T T -‘;Ir
— N = i?\"'-p <N > +—T1x

/1 Usg
Here the # of templates enters

the problem ... could also be a distribution
of sizes.

N = i:\ra-ds =+ A"Tl *

Occupancy of a single template is coupled
to all other (N,) templates.

Method of undetermined (Lagrange)
multipliers is ‘designed’ for these kind of
problems.

v
Express boundary condition in A via <n>, x,« and solve for A

-> Can be generalized for any number of reservoirs (of arbitrary nature). <-



A is Lagrange multiplier coupled to conservation of adsorbing species

-D.r
iNT = iNTﬂ}dS —+ i"l\’rl* — \ < n > —|——;1,1*
Us

TR . -0/,

0 /.
Ae™ /KT = 351*6?_(6_“’[1})/’%]” —— 1y, = e H/FT

1
A\ = 5 —cJkT (e_,_E“T(LL — TpNipaz) — 1 + \/h..(;z:? Trp. E))
e €/k
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replace e by w =€ — iy — X\ = 1y,

o x<e" T s X.mX

w/KT
LI ox>ett L X me

. @K is the coexisting (with aggregates) concentration of monomers
.. analog of the ‘cmc’ for molecules / particles adsorbing onto templates
.. here, x,« increases again once N > N_,

-> all association equilibria have a critical concentration below which
there is no aggregation.

-> check, e.g. for dimer association [F. Sciortino lecture].



Toy models in stat physics: The Ising model

m
Just two spin states \

T< Te
T=Te
/ »1.  (ferro)
coupling parameter

" magnetism
on/off external field scale invariance (RG)

= [ =] =
= = = = =
[ [ [ =
= = ==
==

phase transitions
critical point
(scaling)

.. many, many more examples



Toy models in molecular biology: MWC

J. Mol. Biol. (1965) 1

It took a while before this paper was picked up ... Why?

On the Nature of Allosteric Transitions:
A Plausible Model
JACQUES MoNoD, JEFFRIES WyYMAN AND JEAN-PIERRE CHANGEUX

Service de Biochimie Cellulaire, Institut Pasteur, Paris, France
and Istituto Regina Elena per lo Studio e la Cura dei Tumori, Rome, Italy

The statistical mechanics of ‘all or nothing’
(in small systems)



ALLOSTERIC TRANSITIONS

9
... Ty, to designate the complexes involving 0, 1, 2,. . .n molecules of ligand, we ma;
write the successive equilibria as follows:

R, Ty
Rhbk, +F+——R, Te, +Fe——T,
R, +F Ry Ta: okt T et Ty
Ryoy 4 Fer—R, ez - B———T;
Taking into account the probability factors for the dissociations of the R,, R,... R
and Ty, T;...T, complexes, wo may write the following equilibrium equationa:
T, = LR,
F »
Bl"_"RO“K_.. T)=T°”E;
n—1 F an—1 F
A o & hhi=Ti5 g
1 F 1 F
BI — Rn-l—K— 7, = Tn-x I
R

L&t us now define two functions corresponding respectively to:
(a) the fraction of protein in the R state:

By + By + Ry +... 4+ R,

=(Ro+Bx+Rn +oot R+ (To+ T+ Ta+...+Ta)
(b) the fraction of sites actually bound by the ligand:

v

- (Ry + 2Ry +...+aR,) + (Tl + ZT_Q_'*'.: 'in'rn)
w[(Bo+ By + By 4.+ R)+ (T + Ty + Ty ...+ Ty
Using the equilibrinm equations, and setting

K
_3_=c

K,
Original papers of new concepts are not always easy to read ...

... but always fascinating!



Oxygen binding by red blood cells: heme groups

heme groups
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Basic idea of MWC theory: ground state (T) has weak affinity for
ligand, excited state (R) has strong(er) affinity: cooperativity

(T) == ‘Tense’ state
(R) == ‘Relaxed’ state

Translate these ideas in language of grand ensemble
-> easy(er) to generalize



Translate these ideas in language of grand ensemble

'oxygen

(T) == TTense’ state (R) == ‘Relaxed’ state
self-energy: 0 self-energy: €
binding-energy: e, binding-energy: g,

weight: ({JAe~T/HT (8 o=€/kT y p—er/kT

Weight

4\ 42 —2& IKT 8 _—e/kT 12 26 /KT
of 2bound | 7| A c@ T (Je ATe R
molecules (Zj 2

... etc
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WMC model

Langmuir ads eq
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MWC and genome accessibility

Genomic DNA can be in a compact state with (effectively) low affinity for
transcription factors (TF) and and ‘open’ state with high(er) affinity :

for TF's A, B
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Probability of open / closed state  Popen = Zo/=  Pelosed = ¢/ =

Probability of occupied A, B sites:

pa = =1 [r\’\A ( Bleo+€e%) 1 e —Blec+€5) ) 1+ A\\g ( B(eot+eq+€5) 4+ E—u_."R(EC_Efq‘i‘Efg})] _
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dream line /,

Outlook : allostery in soft matter —e.g.,

€0

+ ‘ + depletion interaction
g,(1) < g,(0)

gb(o)







Legendre transforms & thermodynamic potentials

U(S,V,N)=TS - pV + uN

QT V, 1) =-KTINETV, 1) =U =TS — uN




Thermodynamics — internal energy dU =TdS — pdV + udN

Combine with definition of the grand potential

dQ=—KkTdInE=d(U —TS — zN)=-SdT — pdV — Nd z

N=<N >:—(Z—Qj =kT(8énEj e 1
o o 0 g® —Je
In terms of fugacity i ® u,V,T‘<_§_‘
#=KTIn 2 o ® ®

oln= oln= Can (and will) generalize
<N >= =4 to multiple components /
TV TV

reservoirs



