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features	  among	  different	  systems	  
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―	  Terry	  Pratche5,	  Eric	  
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Tensor	  order	  parameter,	  Q	  
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First we describe the equations of motion, those corresponding to an active nematic, that

we use to model the active suspension. These are the standard equations of liquid crystal

hydrodynamics, written in terms of a tensor order parameter Q, together with an active

term which means that any gradient in Q will produce a flow field. Evolution of Q along

with the momentum ρu is given by [? ? ],

(∂t + uk∂k)Qij − Sij = ΓHij, (1)

ρ(∂t + uk∂k)ui = ∂jΠij. (2)

DQ

Dt
− S = ΓH, (3)

ρ
Du

Dt
= ∇ · (Πviscous +Πpassive +Πactive). (4)

D

Dt
≡ ∂t + u ·∇ (5)

Here the generalised advection term

Sij =(λEik + Ωik)(Qkj + δkj/3) + (Qik + δik/3)(λEkj − Ωkj)

− 2λ(Qij + δij/3)(Qkl∂kul)

Sij = (λEik + Ωik)(Qkj + δkj/3) + (Qik + δik/3)(λEkj − Ωkj)− 2λ(Qij + δij/3)(Qkl∂kul)

(6)

S = (λE+Ω) · (Q+
I

3
) + (Q+

I

3
) · (λE−Ω)− 2λ(Q+

I

3
)(Q : ∇u) (7)

Here, the strain rate tensor, Eij = (∂iuj + ∂jui)/2

and the vorticity tensor, Ωij = (∂jui − ∂iuj)/2

describe where λ is the alignment parameter. We choose λ = 0.7 corresponding to tumbling

rods [? ]. Rotational diffusivity is denoted by Γ and the molecular field

Hij = −
δF
δQij

+
δij
3
Tr

δF
δQkl

(8)

isermined from the free energy,

F =
K

2
(∂kQij)

2 +
A

2
QijQji +

B

3
QijQjkQki +

C

4
(QijQji)

2 (9)

Landau-‐de	  Gennes	  free	  energy	  
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nema2c	  with	  director	  aligned	  along	  z:	  



Elas2city	  of	  liquid	  crystals	  

Bend	   Splay	  
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First we describe the equations of motion, those corresponding to an active nematic, that

we use to model the active suspension. These are the standard equations of liquid crystal

hydrodynamics, written in terms of a tensor order parameter Q, together with an active

term which means that any gradient in Q will produce a flow field. Evolution of Q along

with the momentum ρu is given by [? ? ],

(∂t + uk∂k)Qij − Sij = ΓHij, (1)

ρ(∂t + uk∂k)ui = ∂jΠij. (2)

DQ

Dt
− S = ΓH, (3)

ρ
Du

Dt
= ∇ · (Πviscous +Πpassive +Πactive). (4)

D

Dt
≡ ∂t + u ·∇ (5)

Here the generalised advection term

Sij =(λEik + Ωik)(Qkj + δkj/3) + (Qik + δik/3)(λEkj − Ωkj)

− 2λ(Qij + δij/3)(Qkl∂kul)

Sij = (λEik + Ωik)(Qkj + δkj/3) + (Qik + δik/3)(λEkj − Ωkj)− 2λ(Qij + δij/3)(Qkl∂kul)

(6)

S = (λE+Ω) · (Q+
I

3
) + (Q+

I

3
) · (λE−Ω)− 2λ(Q+

I

3
)(Q : ∇u) (7)

Here, the strain rate tensor, Eij = (∂iuj + ∂jui)/2

and the vorticity tensor, Ωij = (∂jui − ∂iuj)/2

describe where λ is the alignment parameter. We choose λ = 0.7 corresponding to tumbling

rods [? ]. Rotational diffusivity is denoted by Γ and the molecular field

Hij = −
δF
δQij

+
δij
3
Tr

δF
δQkl

(8)

isermined from the free energy,

F =
K

2
(∂kQij)

2 +
A

2
QijQji +

B

3
QijQjkQki +

C

4
(QijQji)

2 (9)

Landau-‐de	  Gennes	  free	  energy	  



Topological	  defects	  in	  nema2c	  liquid	  crystals	  
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First we describe the equations of motion, those corresponding to an active nematic, that

we use to model the active suspension. These are the standard equations of liquid crystal

hydrodynamics, written in terms of a tensor order parameter Q, together with an active

term which means that any gradient in Q will produce a flow field. Evolution of Q along

with the momentum ρu is given by [25, 26],

(∂t + uk∂k)Qij − Sij = ΓHij, (4)

ρ(∂t + uk∂k)ui = ∂jΠij. (5)

Here the generalised advection term

Sij =(λEik + Ωik)(Qkj + δkj/3) + (Qik + δik/3)(λEkj − Ωkj)

− 2λ(Qij + δij/3)(Qkl∂kul)

Here, the strain rate tensor, Eij = (∂iuj + ∂jui)/2

and the vorticity tensor, Ωij = (∂jui − ∂iuj)/2

describe where λ is the alignment parameter. We choose λ = 0.7 corresponding to tumbling

rods [8]. Rotational diffusivity is denoted by Γ and the molecular field

Hij = −
δF
δQij

+
δij
3
Tr

δF
δQkl

(6)

isermined from the free energy,

F =
K

2
(∂kQij)

2 +
A

2
QijQji +

B

3
QijQjkQki +

C

4
(QijQji)

2 (7)

. Here K is the elastic constant, A,B and C are material constants. The total stress

generating the hydrodynamics has 3 parts;

1. the viscous stress, Πviscous
ij = 2µEij
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First we describe the equations of motion, those corresponding to an active nematic, that

we use to model the active suspension. These are the standard equations of liquid crystal

hydrodynamics, written in terms of a tensor order parameter Q, together with an active

term which means that any gradient in Q will produce a flow field. Evolution of Q along

with the momentum ρu is given by [25, 26],

(∂t + uk∂k)Qij − Sij = ΓHij, (4)

ρ(∂t + uk∂k)ui = ∂jΠij. (5)

Here the generalised advection term

Sij =(λEik + Ωik)(Qkj + δkj/3) + (Qik + δik/3)(λEkj − Ωkj)

− 2λ(Qij + δij/3)(Qkl∂kul)

Here, the strain rate tensor, Eij = (∂iuj + ∂jui)/2

and the vorticity tensor, Ωij = (∂jui − ∂iuj)/2

describe where λ is the alignment parameter. We choose λ = 0.7 corresponding to tumbling

rods [8]. Rotational diffusivity is denoted by Γ and the molecular field

Hij = −
δF
δQij

+
δij
3
Tr

δF
δQkl

(6)

isermined from the free energy,

F =
K

2
(∂kQij)

2 +
A

2
QijQji +

B

3
QijQjkQki +

C

4
(QijQji)

2 (7)

. Here K is the elastic constant, A,B and C are material constants. The total stress

generating the hydrodynamics has 3 parts;

1. the viscous stress, Πviscous
ij = 2µEij

Idea	  courtesy:	  A	  Sengupta,	  MIT	  
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First we describe the equations of motion, those corresponding to an active nematic, that

we use to model the active suspension. These are the standard equations of liquid crystal

hydrodynamics, written in terms of a tensor order parameter Q, together with an active

term which means that any gradient in Q will produce a flow field. Evolution of Q along

with the momentum ρu is given by [25, 26],

(∂t + uk∂k)Qij − Sij = ΓHij, (4)

ρ(∂t + uk∂k)ui = ∂jΠij. (5)

Here the generalised advection term

Sij =(λEik + Ωik)(Qkj + δkj/3) + (Qik + δik/3)(λEkj − Ωkj)

− 2λ(Qij + δij/3)(Qkl∂kul)

Here, the strain rate tensor, Eij = (∂iuj + ∂jui)/2

and the vorticity tensor, Ωij = (∂jui − ∂iuj)/2

describe where λ is the alignment parameter. We choose λ = 0.7 corresponding to tumbling

rods [8]. Rotational diffusivity is denoted by Γ and the molecular field

Hij = −
δF
δQij

+
δij
3
Tr

δF
δQkl

(6)

isermined from the free energy,

F =
K

2
(∂kQij)

2 +
A

2
QijQji +

B

3
QijQjkQki +

C

4
(QijQji)

2 (7)

. Here K is the elastic constant, A,B and C are material constants. The total stress

generating the hydrodynamics has 3 parts;

1. the viscous stress, Πviscous
ij = 2µEij
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First we describe the equations of motion, those corresponding to an active nematic, that

we use to model the active suspension. These are the standard equations of liquid crystal

hydrodynamics, written in terms of a tensor order parameter Q, together with an active

term which means that any gradient in Q will produce a flow field. Evolution of Q along

with the momentum ρu is given by [25, 26],

(∂t + uk∂k)Qij − Sij = ΓHij, (4)

ρ(∂t + uk∂k)ui = ∂jΠij. (5)

Here the generalised advection term

Sij =(λEik + Ωik)(Qkj + δkj/3) + (Qik + δik/3)(λEkj − Ωkj)

− 2λ(Qij + δij/3)(Qkl∂kul)

Here, the strain rate tensor, Eij = (∂iuj + ∂jui)/2

and the vorticity tensor, Ωij = (∂jui − ∂iuj)/2

describe where λ is the alignment parameter. We choose λ = 0.7 corresponding to tumbling

rods [8]. Rotational diffusivity is denoted by Γ and the molecular field

Hij = −
δF
δQij

+
δij
3
Tr

δF
δQkl

(6)

isermined from the free energy,

F =
K

2
(∂kQij)

2 +
A

2
QijQji +

B

3
QijQjkQki +

C

4
(QijQji)

2 (7)

. Here K is the elastic constant, A,B and C are material constants. The total stress

generating the hydrodynamics has 3 parts;

1. the viscous stress, Πviscous
ij = 2µEij



Topological	  defect	  movie	  

Tyler	  Shendruk,	  MPCD	  
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Con2nuum	  equa2ons	  of	  ac2ve	  liquid	  crystal	  hydrodynamics	  

viscous	  +	  passive	  +	  ac2ve	  stress	  

couples	  nema2c	  order	  and	  shear	  flows	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  relaxa2on	  to	  minimum	  of	  Landau-‐de	  Gennes	  free	  energy	  



	  Ac2ve	  contribu2on	  to	  the	  stress	  
	  

Gradients	  in	  the	  magnitude	  or	  direc2on	  of	  the	  	  
order	  parameter	  induce	  flow.	  

Punchline	  	  

4

Defects move with fluid velocity

we can use the scaling argument given above to write

v ∼ ζℓvelQ/µ.

At steady state, the rate of creation and rate of destruction of a pair of defects are equal.

Hence

If defect velocity ∼ fluid velocity, α ζ
K = β σζℓQn2

µ ⇒

ℓvel ∼ ζ/n2K, effectively ℓvel ∼ K−1

ℓn ∼
√
K/ζ1/4

v ∼ ζK

ω ∼ ζ

giving ℓ ∼ 1/n2K. Therefore the relevant length scale characterising the velocity field

is indeed independent of the activity. Moreover the dependence of ℓ on n and K gives the

data collapse demonstrated in Fig. 4.

At steady state, two characteristic length scales

(1) for the director field and vorticity ℓn ∼
√
K/ζ1/4 - controlled by defect density (2) for

the velocity field ℓvel ∼ ζ/n2K, effectively ℓvel ∼ K−1

ω = ∇× u

Q = 3q
2

(

nn− I

3

)

Πactive ∝ nn

Πactive = −ζQ

ζ > 0

ζ < 0	  	  	  	  	  	  

Hatwalne,	  Ramaswamy,	  	  
Rao,	  Simha,	  PRL	  2004	  



Swimmers	  are	  force	  free	  =>	  	  flow	  field	  is	  dipolar	  

extensile	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  contrac2le	  

nema2c	  	  
symmetry	  

F	   F	  

Hydrodynamics	  of	  ac2ve	  systems 
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density	  of	  dipoles	  



“In	  fact,	  the	  mere	  act	  of	  opening	  the	  box	  will	  determine	  the	  state	  of	  the	  
cat,	  although	  in	  this	  case	  there	  were	  three	  determinate	  states	  the	  cat	  
could	  be	  in:	  these	  being	  Alive,	  Dead,	  and	  Bloody	  Furious.”	  
	  
―	  Terry	  Pratche5,	  Lords	  and	  Ladies	  
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Gradients	  in	  the	  magnitude	  or	  direc2on	  of	  the	  	  
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Punchline	  	  

4

Defects move with fluid velocity

we can use the scaling argument given above to write

v ∼ ζℓvelQ/µ.

At steady state, the rate of creation and rate of destruction of a pair of defects are equal.

Hence

If defect velocity ∼ fluid velocity, α ζ
K = β σζℓQn2

µ ⇒

ℓvel ∼ ζ/n2K, effectively ℓvel ∼ K−1

ℓn ∼
√
K/ζ1/4

v ∼ ζK

ω ∼ ζ

giving ℓ ∼ 1/n2K. Therefore the relevant length scale characterising the velocity field

is indeed independent of the activity. Moreover the dependence of ℓ on n and K gives the

data collapse demonstrated in Fig. 4.

At steady state, two characteristic length scales

(1) for the director field and vorticity ℓn ∼
√
K/ζ1/4 - controlled by defect density (2) for

the velocity field ℓvel ∼ ζ/n2K, effectively ℓvel ∼ K−1

ω = ∇× u

Q = 3q
2

(

nn− I

3

)

Πactive ∝ nn

Πactive = −ζQ

ζ > 0

ζ < 0	  	  	  	  	  	  

Hatwalne,	  Ramaswamy,	  	  
Rao,	  Simha,	  PRL	  2004	  
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Gradients	  in	  the	  magnitude	  or	  direc2on	  of	  the	  	  
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Summary	  	  

4

Defects move with fluid velocity

we can use the scaling argument given above to write

v ∼ ζℓvelQ/µ.

At steady state, the rate of creation and rate of destruction of a pair of defects are equal.

Hence

If defect velocity ∼ fluid velocity, α ζ
K = β σζℓQn2

µ ⇒

ℓvel ∼ ζ/n2K, effectively ℓvel ∼ K−1

ℓn ∼
√
K/ζ1/4

v ∼ ζK

ω ∼ ζ

giving ℓ ∼ 1/n2K. Therefore the relevant length scale characterising the velocity field

is indeed independent of the activity. Moreover the dependence of ℓ on n and K gives the

data collapse demonstrated in Fig. 4.

At steady state, two characteristic length scales

(1) for the director field and vorticity ℓn ∼
√
K/ζ1/4 - controlled by defect density (2) for

the velocity field ℓvel ∼ ζ/n2K, effectively ℓvel ∼ K−1

ω = ∇× u

Q = 3q
2

(

nn− I

3

)

Πactive ∝ nn

Πactive = −ζQ

ζ > 0

ζ < 0	  	  	  	  	  	  nema2c	  state	  is	  unstable	  to	  vor2cal	  flows	  

Hatwalne,	  Ramaswamy,	  	  
Rao,	  Simha,	  PRL	  2004	  
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Instabili2es	  in	  ac2ve	  nema2cs	  	  



1.  Introduc2on:	  a	  zoo	  of	  ac2ve	  systems	  

2.  Liquid	  crystals	  and	  Q	  

3.  Ac2ve	  equa2ons	  of	  mo2on	  

4.  Instabili2es	  

5.  	  Ac2ve	  turbulence	  +	  topological	  defects	  

6.  Molecular	  motors	  and	  Dogic	  experiments	  

7.  Lyotropic	  ac2ve	  nema2cs	  

8.  Dividing	  cells	  
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Summary	  of	  ac2ve	  turbulence	  

hydrodynamic	  
instabili2es	  

walls,	  that	  
fluctuate	  and	  
decay	  into	  

topological	  
defects	  

defects	  annihilate	  
and	  restore	  

nema2c	  order	  

4

Defects move with fluid velocity

we can use the scaling argument given above to write

v ∼ ζℓvelQ/µ.

At steady state, the rate of creation and rate of destruction of a pair of defects are equal.

Hence

If defect velocity ∼ fluid velocity, α ζ
K = β σζℓQn2

µ ⇒

ℓvel ∼ ζ/n2K, effectively ℓvel ∼ K−1

ℓn ∼
√
K/ζ1/4

v ∼ ζK

ω ∼ ζ

giving ℓ ∼ 1/n2K. Therefore the relevant length scale characterising the velocity field

is indeed independent of the activity. Moreover the dependence of ℓ on n and K gives the

data collapse demonstrated in Fig. 4.

At steady state, two characteristic length scales

(1) for the director field and vorticity ℓn ∼
√
K/ζ1/4 - controlled by defect density (2) for

the velocity field ℓvel ∼ ζ/n2K, effectively ℓvel ∼ K−1

ω = ∇× u

Q = 3q
2

(

nn− I

3

)

Πactive ∝ nn

Πactive = −ζQ

ζ > 0

ζ < 0

Ac2ve	  contribu2on	  to	  the	  stress	  


