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The Newtonian constant of gravitation G  
 

F = M1 M2 G/r2 
 

The 2014 CODATA value for G is 
 

G = 6.67408 (31) x 10-11 kg-1 m3 s-2 
 

The uncertainty represents 47 ppm 

Varenna July 2016 



Current situation in the measurement of  G from CODATA 2014 

















The cryogenic torsion balance of University of California 



Atom interferometer determination of G, university of Bologna 







T The BIPM G experiment has passed  
through three phases:  

 
1  A preliminary small-scale version(1996) to explore the  
     behaviour of torsion strips (Metrologia, 1997, 34, 245-249).  

We obtained a value of G with a relative uncertainty of 1.7 10-3 

 
2   The first full scale version produced a value for G with 
     an uncertainty of 41 ppm in 2001 (PRL, 2001, 87, 111101). In this  
     version we used two methods of measurement. 
 
3  A second full scale version, using the same two methods of 

measurement but completely rebuilt, produced a value  
     of G in 2013 with an uncertainty of 27 ppm, statistically consistent 

with the first,  (PRL, 2013, 111, 101102)  
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In every experiment to measure G except ours, each  
experimenter has used only one method of measurement. 
 
Different experimenters have used different methods, but this  
is not the same because the errors in one experiment are not  
directly constrained by the results of different methods in other  
experiments. 
 
In an experiment in which there are two or more independent  
methods, one has first to look for errors in each until they all  
agree. When this is the case, the only errors that can   
remain are those in the much more limited set common to all.  
 
This is the principal feature of our G experiment. 
We have used two methods with potential for a third 
and we have done the whole experiment twice 
 



The principal characteristics of the BIPM torsion balance 
experiment used to measure G are the following: 
 
• a large mass of the torsion balance (some 6 kg) leading to a G 
signal of 3 × 10-8 Nm 
• a hexadecupole test-mass distribution leading to insensitivity to 
local external gravity fields 
• the whole placed on the platform of a coordinate measuring 
machine to give the best chance of accurate metrology 
• a heavily loaded (some 6 kg)  torsion strip as balance suspension 
having a Q ≥ 105 

• two complete experiments with the apparatus almost wholly 
rebuilt so that we have two statistically independent and 
statistically consistent results.  
• two modes of operation, Cavendish and servo, giving two largely 
independent results for each experiment 

  
 
 
 
 
 
 
 
 



2nd model 2001 
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3rd model 2008 



 
 

The Cu-Be torsion strip, 160 mm long, 2.5 mm wide and 
30 µm thick 
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2.5 mm 
30 µm 

Cross section of strip 

The strip loaded to about 2/3 of its yield stress and 
stretches by nearly 1 mm as the load is applied.  







The restoring torque of a strip of thickness t, width b, length 
L under a load Mg is given by: 
 
c = bt3 F/3L + Mgb2/12L 
 
In this expression only the term in red contains the shear 
modulus of elasticity, i.e., only the red term is elastic and 
subject to anelasticity. The second term is purely gravitational 
and represents the gravitational potential energy as the end 
of the strip rises and falls as it twists. This term is thus 
lossless and in our strip accounts for 97% of the restoring 
torque. 
 
Provided that there are no losses at the ends of the strip 
where it is held, the whole thing should have a very high Q    
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This is indeed the case, the Q was 3× 105 in the 2001 
experiment and 1.2 × 105 in the 2013 experiment.  The torsion 
balance was very stable as one would expect of a system 
having a Q ≥ 105. 
 
For example during ten days of the Cavendish runs the zero 
angle, measured at the beginning and end of each run, drifted 
by a total of 0.08 µrad (with a std dev of 0.07 µrad) equivalent to 
10 nm at the periphery of the disk and 1 nm at the edge of the 
strip. 
 
The only significant perturbing factor is the temperature. 
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FA =  FB 

Electrodes B ∼ 13 V 
Electrodes A ∼ 13 V (1kHz) 

autocollimator 

mirrors 

Servo method 





The design of the electrodes was modelled using a 2d finite 
element method. The radii of the electrodes and their distance 
from the test masses were designed such that the capacitance 
versus angle was linear with dC/dθ a maximum. 
 
 
 
This means that d2C/dθ2 is nominally zero. This enables large 
voltages to be applied to the electrodes (100s of volts) without 
instabilities. 



T 



38 
Angle of 18.898 degrees 

Maximum torque occurs at 
an angle of 18.898 
degrees. 



FA >  FB 

38 

Electrodes A ∼ 23 V 

Electrodes B ∼ 3 V 

Angle of 18.898 degrees 



FA <  FB 
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Electrodes A ∼ 3 V 
Electrodes B ∼ 23 V 



The principle of the servo method: 
 •  The electrostatic restoring torque that balances 

the gravitational torque GΓ is given by: 
 

•  where Γ is the gravitational coupling constant 
between the source masses and torsion 
balance; A and B signify the electrostatic servo 
electrodes 
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•  We have to measure: 
  
 dC/dθ  for both electrodes where CA and CB are the 
capacitances of each electrode to all of their 
surroundings and CAB is the capacitance between the 
electrodes 
 
 AC voltages (≈ 25 volts) at 1 kHz that are applied to 
the electrodes 



dC/dθ dC/dθ dC/dθ 

AC  BC  AB AC  BC  AB AC  BC  AB 

2 ½ h 

Servo: VA VB 

+18.898o 

-18.898o 

30 min 

Eleven 30 min periods 

∼ 7 h 

Total measurement time about 23 h 

Sequence of measurements for a servo run 

dC/dθ :    Capacitance meter connected 

Servo: VA VB:     AC voltmeters connected 
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Cavendish method 
Measured deflection angle 
≈15.8 arc seconds  
or 76.5 µrad 

At the edge of the torsion 
disk this represents a 
movement of 10 µm 

At the edge of the torsion 
strip this represents a 
movement of 1 µm The gravitational restoring 

torque comes from an up/down 
movement of  10-14 m 
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Principle of the Cavendish (free-deflection) method: 
 •  The angular deflection, θ, is related to the gravitational torque 

GΓ  by the relation GΓ =c θ , where c is the torque constant of 
the balance given by c = Iω2   so that: 
 
                              GΓ = Iω2 θ 

•  c is determined from measurements of period and calculation 
and measurement of I, the moment of inertia of the torsion 
balance. 

•  since the angle is observed by the autocollimator in air but 
actually the rotation is in vacuum we have to multiply the 
observed angle by the refractive index of air 1.000271 
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FA >  FB 
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Electrodes A ∼ 23 V 

Electrodes B ∼ 3 V 

Angle of 18.898 degrees 

 
 
            Sequence of operations for the Cavendish method 

30 mins 

+ 18.89o 

30 mins 

- 18.89o 

40 cycles 

Total run time for one data point ≈ 22 hours 



 Allan deviation for free-deflection measurements 

6 ppm in G 



   Comparing the expressions for servo and Cavendish: 
 
 
 
 

GΓ = Iω2 θ 
Note:  

(a) I ≈4 M(test) R2 and so M(test) appears in both Γ and I and is 
thus eliminated in the Cavendish method and 

(b) θ appears in the denominator in the servo and numerator in 
the Cavendish method. Thus the average of the servo and 
Cavendish methods eliminates a common angle error.  
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Measured quantities specific to the servo method are:  
     Capacitance, angle (dC/dθ) and AC volts at 1 kHz 
 
For the Cavendish method:  
     Angle θ, period T and moment of inertia I 
 
 
Common to both are: 
 
     (a) values of the (test) and source masses and their density  
inhomogeneities 
     (b) Relative positions of source masses and test masses and torsion  
balance with respect to source masses (dimensional metrology)  
     (c) the gravitational coupling between source and test masses  
and all the other components of the torsion balance.  



• Density inhomogeneities  
 
(a) hydrostatic weighing of samples cut from 
the original ingots 
(b) centre of gravity of source masses by air 
bearing 
 

• During the measurements of G, we turned the 
source masses through successive angles of 
120o and took the average of the results. 
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The BIPM measurement of G 
 •  Measurement of density inhomogeneities in source masses 
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The 









The BIPM measurement of G 
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Uncertainty of position of suspended torsion balance with respect to source masses 

Uncertainty of G result 



 mm 

T = 20.5 at z = -113.5 (halfway up source masses) 

mass 1 x 439.8204 

y 194.6098 213.9361 

mass 2 x 710.3151 

y 58.9622 214.0259 

mass 3 x 845.8945 

y 329.5344 213.9667 

mass 4 x 575.3332 

y 465.1887 214.0396 

centre x 642.8408 average 213.9921 centre 

y 262.0738 

Source mass positions (millimetres) October 2007 

Estimated accuracy of cmm calibration: 0.4µm 
and  of test and source mass positions: 0.5 µm  



Source  mass positions 3 March 2008 measurements at + 18.898 degrees 

T=20.6           z=-113.5 

mass 1 x 439.9185 

y 194.336 213.9369 

mass 2 x 710.6025 

y 59.0676 214.0263 

mass 3 x 845.8037 

y 329.8305 213.9668 

mass 4 x 575.0539 

y 465.1066 214.0404 

642.8447 average 213.9926 
213.9921 
at 20.5oC 

262.0852 

Source mass coordinates March 2008, position B 

Source masses in position A 
 
213.9880 at 20.6 oC →   213.9876   at 20.5 oC  January 2006 
213.9885 at 20.65 oC → 213.9880   at 20. 5 oC June 2007 
213.9876 at 20.4 oC →   213.9880   at 20.5 oC  Sept 2007 
 
 
 







        Radii of source masses, 1, 2, 3 and 4 (millimetres) at all three orientations 
 
   23 Jan    29 Jan    13 Feb    20 Feb    21 Feb    28 Feb    12 Mar    average  σ µm 
 
1 58.9766     .9780         .9765        .9762          .9773           .9774           .9764           58.9769     0.6 
 
2 58.9866     .9863         .9871        .9872          .9879            .9871          .9873           58.9871      0.5 
 
3 58.9853     .9852          .9839       .9840           .9855           .9848           .9855          58.9849      0.6 
 
4 59.0015     .0015          .0015        .0016          .0018            .0012          .0015          59.0015      0.2 
 

      58.9876                  58.9876                  58.9876           58.9876 

  

0o 120o 240o 

The measured radii of source mass is independent of their orientation 
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A third method of measurement, in addition to the 
servo and Cavendish, is the timing method. 
 
While we explored this method, the temperature 
of the laboratory could not be maintained 
sufficiently stable to  give useful results. 
 
The method requires the measurement of the 
small change in period, ≈ 40 ms, in the natural 
period of the torsion balance of 120 s.   
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Source mass 
Test mass 

In this 
configuration the 
period is reduced 
by ≈ 20ms due to 
the added 
restoring torque of 
the source masses 

Timing method 



Source mass 
Test mass 

In this 
configuration the 
period is increased 
by ≈ 20ms due to 
the attraction of the 
source masses 

Timing method 



The relation between measured quantities and G for the timing 
method is: 
 
I(ω2

0 - ω2
45) = (Γ45 - Γ0) G 

 
Where ω0 and ω45 are the angular frequencies of free oscillation of 
the torsion balance for source mass positions of 0 and 45 degrees 
and Γ45 and Γ0 are the corresponding gravitational coupling 
coefficients and I is the moment of inertia of the torsion balance. 
This can be written in terms of the measured periods: 
 
(Γ45 - Γ0) G = 8π2 I ΔT/(Tav

3 ) 
 
Tav ≈ 120 s and ΔT ≈ 40 ms 
 
In order to reach an uncertainty in G of 30 ppm we need an uncertainty in 
ΔT of 1 microsecond or 1 part in 120 million in T which would need a 
temperature stability of the strip of about 1 mK.  
 
 
 



the black line of slope -1/2 corresponds to the Allan deviation 
expected for a white noise process 

Allan deviation for time-of-swing measurements 









  
 



  
 

What of the future? I would like to see the following: 
 
The BIPM apparatus with all three methods: 
 Servo, which needs electrical and angle measurements 
 Cavendish, which needs angle, timing and moment of inertia 
measurements 
Timing, which needs timing measurements 
 
With all three needing: 
Dimensional metrology 
Well characterized source and test masses 
Gravitational coupling calculations 
 
General improvements would include an angle interferometer in 
the vacuum chamber, low thermal expansion disk material. 
 
The aim: sub 10 ppm in all three methods 
 



HENRY CAVENDISH 



The BIPM measurement of G  
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    Zero drift of the torsion balance during the Cavendish runs 

20. 000 

20. 020 

20. 030 

20. 040 

20. 050 

20. 060 

20. 010 

Zero angle, 
arc seconds 

Days 

0.0015 arc seconds or 0.0075 µrad per day equivalent to 1 nm per day on the periphery 
of the disk or 10 pm per day at the edge of the torsion strip  

Note: total G signal 32 arc seconds 
Note: during the whole 10 days the 
temperature was 20.4 oC within 0.1 oC 

40 data points each 
day, average σ 
0.002 arc seconds 


