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Inversion of Earthquake
Rupture ProcesS Theory and
Applications

2. Theory and Techniques




2.1 Seismic Inversion
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2.1.1 Inversion with Rake Fixed

The seismic waves radiated from a firliéeilt can be represented as

U,(P,) = GRo(P.tQ0) *my(Q9d "

If a purely shear dislocation assumed

m (Q )= M(QO(gy +ey)

Then we have

U.(P.)=QG(PtQ0) TM(Q(gy €yl d




U.(P.D=QG(PtQ0) IM(Q9(gy H¥l d

If assume

0.(P.tQ0)=G,,(RtQO0) Gy ey

It becomes

U.(P.D=RQgRP.£Q0) *M,(Q 1d °

The seismograman be recordedduring an earthquakethe Gr e efuméiens
can be calculatedwith a preferredearth model, the unknownsare the seismic

momentfunctions,which aredependentn placeandtime.



U.(P.D=RQ AP tQ0) *M,(Q1d °

For a case of spatial point souré&gL), L is the source

dimension), a patapproximationrcan beassumed

0.(P.tQ0)@g, (Pt £;Q0)

Where =




With the path approximation
U.P.)=QIHKRIRTt +,00) M(Q9ld"
S

It can be rewritten as

U,(P.)=g,(RtO0) fIft 4 M(Qld"

The integration on the right is the apparent source time function (ASTF)
SA(RO=nlfqt - ¥ M(QId’
S
So two conditions are demanded for the ASTF

R> > At far-field distances

_R-R
C

t For single phase




To perform the inversion, it is necessaryiscretizethe fault plane into sufaults

.1 ® ® (] (] (] (]
02 (] (] k.-l (] (] (]
$ e [e] & [kk[o ]
.é (] (] k:l (] (] L]
L(r L] L [ ] L] [ ] L] :: LS

Since the calculations of Greenbd6s fun
source approximation is needed for the-fauldts. It means the stiault size can be

neglectablelt demands

R>>L¢ Spatial point source

[ >>Lg Temporal point source



With the point source approximation, the integrationghe fault came replaced as

summations
Un(P,t)=r;1[¢ﬁ(Rt 4,00) M(QYld"
U,(P,t)=9,(P,£00) ’ij[Cﬁt 4 M(Q9]d°
SA(Rt)=rj[Cﬁt - M(Qd’
They are

ur®=alost +™ (0]
Ur(t) =g,'(t) SJ(D
Sy(d=ala(t - Y M, (9]



Two inversion ways can be classified

|. ASTF inversion: get the ASTFs ladeconvolving he Gr eends func

seismograms, and then invert the ASTFs for rupture model
Ur(t) =9,(t) "Si(9

St(h=alalt - 9 M9

ll. Seismogram inversion

ur®=alost +™ (0]



W Apparent Source Time Function Inversion

St(h=alalt - M, (9]

The matrix equation
[S.]=[U[M |

Where [i] consists of block matrixes

A1l ~12 ~ K
guB uB uB
~21
- aUu
[a=g" K
€. Ug
ele ~ MK
gJB uB
And the block matrixedif] is
€l <0 0 1
e S0 € 0
[i,(0] = ¢ [i,(t- 2] £ [yt +2)] < .
g 1 S 10 g 0
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An example of the matriBlue dots denote the
nonzero elements



Y Waveform Inversion

U.(P.O=RIFgKPT 100 M(QYld"

The matrix equation

[U] =[9][M |{
Where p] consists of block matrixes
egt g@v ... o
é 21 22 X .
~¢9 9 - g When the length of sufault STF is
[o1=¢ o
g;.“.".l e dV'K shorter than that
9™

And the block matrixesgf] is [o™®)]=§"° (2 9™

") - |9™@ 9™




1.2 Inversion with Rake Variation

U,(P.) = [ Giy(P £ Q0) *m(Qd

Theslip vector on the fault can change with time

M, (QY)=M(Q9[el)y +el X Y

Then

U.(PO=Gi(PtQ0) {M(Q) [}y ¢ghty} d



U.(PD=RGi(PtQ0) {M(QY [}y ¢ghty} d

It can be written as

U.(P.O=RIK(P tQ0) *M, (QD) §,(F1Q0) M,(QId

Where

0.(P.£Q0)=G,,(PtQ0) @, M, (QY ®(QD) ¢@
0..(P.Q0)=G,,(PtQ0) ¥, M,(QY ™(QY e@

The inversion equation is

) :[glgzlng"”
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The inversion equations

ASTF _ Seismogram inversion Seismogram inversion
Inversion with rake fixed with rake variation
3 eM o,
[S,]=[CIM ] [U] =[g][M ] [U] =[9,9,] g\/l
02

U The unknownparametersn the 3 equationsarethe history of scalarseismic
moment

U Whenthe Green'sfunctionsare calculatedby consideringthe stepresponse,
theunknownsbecomeahe momentratefunction(sourcetime function).

U The unknownsof momentrate can be transferredinto fault slip-rate by

multiplying the Green'dunctionsby the sheamodulusandthe subfault area



The inversion equations

Seismogram inversion Seismogram inversion

ASTF inversion with rake fixed with rake variation

[Sa]=Ils] [U] =[g[s] U] =[g,9,] ?52




2.1.3

Some limitations or constraints are needed to stabilize the solution

U Limitation of the maximum rupture velocity
U Limitation of the maximum rupturéuration of the sutbault

U Limitation of nonrnegative solution

Fault plane Subfault STF
1 — D <—
2 [3%] kv
3 e
[ t +D

r r

A sketch of the rupture initiation timé&) and rupture duratiorD() of a sub
fault STF



i Spatial smoothing

45°()- [s7H() +*() €°(x (N O
[Dls] =[d

i Temporal smoothing

25K(t)- [$(t 1) #(t D} O

[Tls] = Q

U Scalar moment minimization
s(H)=0
[Z][s] =[q

k-1
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k+k,

k+1




2.1.4 Equationsfor the three kinds of inversions

The Inversion equations

ASTE inversion Seismogram inversion Seismogram inversion
ersio with rake fixed with rake variation
eg 0 @
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2.1.5 An Example: The 2009M,,,6.3 L'Aquila

earthguake
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An example: The 200M,,6.3 L'Aquila earthquake
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