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LIGHT MICROSCOPY
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DIFFRACTION BARRIER
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SUPER RESOLUTION IN CELL BIOLOGY

A Bacterial cells —1 Aa Nucleoids

.
| Centrioles a Chromatin substructures

Ab Division machinery

k Lysosomes ¢ Cytoplasmic ribosomes

Ad Outer membrane proteins

Animal cells
Ac Cell surfaces

J

d Vesicles

B Yeast cells

e Peroxisome

Bd Septin Bc Mitochondrial
complexes protein complex

Bb DNA (DSBs)

g Golgi apparatus f Focal adhesion

150

' 4

J

S. J. Sahl, et. al. Nature Reviews Molecular Cell Biology (2017)
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Mitocondria
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SUPER RESOLUTION OPTICAL MICROSCOPY

Maximally informative
MINFLUX luminescence excitation
/" Single molecule

localization microsco, py




SINGLE MOLECULE LOCALIZATION

MINFLUX
precision

L
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GRAVITATIONAL WAVES

WHAT IS THE RULER?

www.ligo.caltech.edu




B SSESaasss ;8 . Michaelson Interferometer

Gravitational wave 11T H ‘ Ep = E1e(917900 4 F,el($2-00)

with linear polarization s H : : I = 35[1  cos(2k(ls - lz))]
: v * ..'.,.,-'.. Iger < (4 — 15)?

www.ligo.caltech.edu



= SENSITIVE MEASUREMENT > AROUND A ZERO
= MULTIPLE POINTS > OBTAIN LOCATION
» DISPLACEMENTS 1018 m / WAVELENGTH ~500 km




MINFLUX AS A RULER

EXCITATION 1 XCITATION 2

EXCITATION 2
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MINFLUX AS A RULER

RULER SIZE > BEAM SEPARATION
RULER DIVISIONS -> NUMBER OF PHOTONS

EXCITATION 1

EXCITATION 2
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MINFLUX AS A RULER

RULER SIZE > BEAM SEPARATION
RULER DIVISIONS -> NUMBER OF PHOTONS

EXCITATION 1

MORE PHOTONS > MORE DIVISIONS > HIGHER PRECISION

EXCITATION 2

@BalzarottiFran | 21




MINFLUX AS A RULER

RULER SIZE > BEAM SEPARATION
RULER DIVISIONS -> NUMBER OF PHOTONS

EXCITATION 1

EXCITATION 2
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MINFLUX AS A RULER

RULER SIZE > BEAM SEPARATION
RULER DIVISIONS > NUMBER OF PHO

MOREPHOTONS—

BEAMS CLOSER > SMALLER RULER - HIGHER PRECISION

e ———
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MINFLUX AS MAXIMALLY INFORMATIVE

MINFLUX Resolution MAXIMALLY
L INFORMATIVE
O X — * LUMINESCENCE
VN EXCITATION
L

N
\ 4
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INFORMATION THEORY ELEMENTS

Likelihood Function
Parameter Estimation
Fisher Information
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BINOMIAL DISTRIBUTION

Flip a coin n times each with success probablity p n=10; p =0.75
PMF
Probability mass function: 0.30
n _ i
PX(X = k;n, p) = (k) pk(l — p)n k 0.25
1 0.20 -
Measure k=6 o
- How to obtain parameter p? g 015+
~3 0.10 -
Notation abuses: a Y
Py(X =k;n,p) 0.05 -
P(k;n,
( p) 0.00 T
P(kin,p) 0
P(k)

np =7.5



LIKELIHOOD FUNCTION

Probability mass function: n=10; p = 0.75 n=10;k =6
n PMF Lo Likelihood function

Py(X =k;n,p) = (k) pR(1 —p)Fk o

0.25 A

©
N
o

0.75)

Measure k=6

o
=
(O}

- How to obtain parameter p? B
z 0.10
Likelihood function: o
0.00
L(k,p) = Px(X =k;n,p)
Which p makes this measurement the most likely outcome? = Not dependent on
the real value of p
dﬁ(k, p) N k = Only on the
=0 = — measurement k
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LIKELIHOOD FUNCTION

PMF Likelihood function All likelihood functions
0.30 : 1.0 1.0
0.25 + 0.8
n 0.20 —~
i 2 0.6
I 0151 5
2 0.10 z 04
0.05 1 0.2
- - 0.0 T T
0 5 10 0.0 0.5 1.0
k p p
Probability mass function:
n
Px(X=k;np)=(,)p @A —-p)"* n
(k) k — L(k,p) = Pure
Likelihood function:
L(k,p) = Px(X = k;n,p)
Estimator Random Random
stima l?r' variable variable
PMmLE = E
@BalzarottiFran | 28




MAXIMUM LIKELIHOOD ESTIMATOR

Estimator:
A _ k
PMmLE = n

Characterize:

E (p\MLE)

var(Puyre)

=0.75)

P(k; p

0.75)

P(Pmie; P

PMF
0.30
0.25 A
0.20 A
0.15 A
0.10 +
0.05 +
0 5 10
k
MLE
0.30 :
E(Pmie) |
025 2 :I
1
0.20 ~ # I
0.15 +
0.10 A
0.05 -+
0.00 - .
0.0 0.5 1.0
PmLE

Likelihood function

All likelihood functions

X =
P 0.4

VD

9‘5’3’3"@%
PUEANEN

k — L(k,p) = DuLe
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FISHER INFORMATION AND CRAMER-RAO BOUND

PMF Likelihood function All likelihood functions
0.30 ; 1.0 1.0
0.25 - g 0.8
0 0.20 1 T o
T 0.15- . ‘,‘,’
s v ""’Vvﬂ'
0.05 0.2 274 ,Q’Q:@:og%
Estimator: 0 i 10 0.0 0;55 1.0 0.0 0: 1.0
N . k MLE
PMmMLE = 0.30 —
n E(Pmie) |
0.25 :
& :
_ s 0207 ey How sharp can this be?
Characterize: ! s ;
A ‘QE: 010 1 i A 1
E(Puie) L g var(p) = 7 Cramer-Rao bound
! p
%) 0.00 -
var(Purg) 0.0 0.5 1.0 _ -~ _
Puie Fisher Information
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FISHER INFORMATION AND CRAMER-RAO BOUND

WON

Estimator X = ﬁ(k)

Internal product
(x,y) = cov(x,y)

(x,y) = E([x —EM) ][y — EQ)])
(x,x) =var(p)

= |xllyl cos(8) < |x|lyl

Cauchy-Schwarz: {x,y)? < |x|?|y|?

1
E(y?) —

2
< O'p

F,=E(y?*)=E ((:—plogP(k; P)>2> =E (—aa—zzlogp(k; p))
(

Actual calculation > F, =

2

| op?

2

—— log P(k; p) P(k; p)

9 —— logp(k; p) p(k; p)dk
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FISHER INFORMATION AND CRAMER-RAO BOUND

PMF Likelihood function All likelihood functions
0.30 ; 1.0 1.0
0.25 2 08
0 0.20 A T o
S 0.15- ",‘,’ §
B | £ 041 T 0.4
T 0.10 1 i)
0.2 - | KX '0"0"0"!
0.05 - 2 : }
: . 0 5 10 0.0 0.5 1.0
Estimator: " ,
n _k MLE
PMLE = — 0.30 — 100
n E(Pmie) | —~
0.25 A : sl L
| X
2 0.20- S, i = S 02
Characterize: 1 ... s by = z [_ 9p? log P(k; ’p)] P(k;p)
: 0.10 ; E’ A k=0
E(®DmLE) = i k -
0.05 - i % 0
5 0.00 - i 0-
var(Purg) 0.0 0.5 1.0 ;

PumLE p
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FISHER INFORMATION AND CRAMER-RAO BOUND

PMF Likelihood function All likelihood functions
0.30 : 1.0 1.0
0.25 - as .
0 0.20 A : 3
S 2061 5 06
< g, 0.4 - 04
& 0.10 A
0.05 - 0.2 - 0.2 -
: 0.0 0.0 -
Estimator: 0 5 10 ;
o _k MLE CRB
PMLE = — 0.30 : 100 0.20 . 1
n E(Pme) | —~ Var(p) 2 =
0.25 A : sl L F
= i § 0.15 - 1%
N 0.20 i .
. o q i = 60 -
Characterize: ! ;.| , 2 2 0104
g ' & Sl (1-p)
: | s 40 OcrRB — S
A «q 0.10 - i < =
E®uLe) < ! 3 0.05 - n
0.05 - i §, 201
var(PuyLe) 0.00 - Lo 0- 0.00
0.0 0.5 1.0 0.0
PumLe P P
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SUMMARY

D

E(5
i Max Likelihood (DmLE)
J Estimate 0, ¢

var(Pure)

Direct Problem
£(x,0) = Px(X = x;0)

CRB

Minimum 05

%.| Q;,
N
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OTHER DISTRIBUTIONS

Gaussian Poissonian Binomial
Variable x n k
Parameters 0 = [u, o] 0 = [A] 0 = [p]
Distribution  —Emw? —A AP ny, k n—k
p(z; 0) e ¥ e 5T (M)p*(1 -p)
Log-likelihood
In £(z; 6) —(w—z"a’g)—Q—lna —A+nlnA—Inn! klnp+ (n—k)In(l —p)
P~ —(IE - /,L)/O'z n—
2 In L(x;0) [ Y Sl —1+n/A o
203 o
- —~1/0® plo—p)
a2 . 20, B 3 _k n—k
aez In L(;0) [2 @-p) _gl-w? , 1 B 2 T a2
203 20 o2
MLE
2 In L(z; 6) =0 AMLE = T AMLE = N pvLE = k/n
E(0) B(z) = E(n) = A E(k/n) = p
var(6) var(z) = o var(n) = A var(k/n) = p(1 —p)/n
Fisher
Information
2 1/0'2 0 n
E (—%lnﬁ(x;@)) [ 0 2/0? 1/A »(—p)
CRB e 0 A p(-p)
0 &2 ™
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MINFLUX LOCALIZATION ESTIMATION

0.25}¢ o
Localization

distribution

ny ~ Poissonian E(ny) < Iy(x,,)

n, ~ Poissonian E(n;) « I;(x,,)

Iy(x)
Io(o)+I; (x)’

k——Lk;p) =Py = k/m
ng — L(ng,p(x)) = Pyre = no/N

nglng + ny = N ~ Binomial p(x) = n=N

Xyie such that Py g = p(Xyre)

60
60 + 40

= 0.6 =pXx) > find x
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1 - MAXIMALLY
| INFORMATIVE
0.50}

=102
a LUMINESCENCE
\ EXCITATION
-I—Lzlsonrrj L A;\ 7 bolic b /

0.75

0.25

yrm. counts no/ (n0 +n])

Zquad
aggg (x) \/_ 4 1+ ﬁ
- RMATION
&Iua e
OcRrB 0) = N -ll_ll-__

Poisson
distribution

nUCAMOCA?A\/l— +
P WAVANE

7 o o8 Donut
e STED NA 1+ I/IS beam shape
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GAUSSIANS VS DONUTS

vy, A
Nosl /7
4R
THE MAPPING OF STATISTICS VIA p(x) J RN
ENABLES MANIPULATING THE ol
INFORMATION AT
VARV i BN
-;ﬁﬁ 1.0 0.5 0.0 05\ﬁ 0 1.5\2.;
YN | x
N
LS (I AR
CRITICAL ELEMENTS: A
1. POISSON STATISTICS AN} VAR
2. INHOMOGENEOUS ILLUMINATION \ 39( /
N/
N ]

2.0 15 -1.0 -05 0.0 05 1.0 1.5 20
X
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