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Fermi-Hubbard model

Simplest model to describe electron-electron correlations

Metal (t >> U) : 

Mott insulator (U >> t) : 

Experiments by many groups: ETH, MPQ, Harvard, Rice, MIT, Princeton, Bonn…

e.g. 1 atom/site

“doublon”



Fermi-Hubbard model

Simplest model to describe electron-electron correlations

Relevant model for high-Tc superconductivity (e.g. cuprates)

Experiments by many groups: ETH, MPQ, Harvard, Rice, MIT, Princeton, Bonn…



SU(N) Fermi-Hubbard model

Richer physics for SU(N) Fermi-Hubbard!

Different thermodynamics,
Novel quantum phases, exotic magnetism

SU(N) Heisenberg model @ low T

A wealth of magnetic phases is expected (antiferromagnets, dimerized, spin liquids…)

M. Hermele et al., PRL 103, 135301 (2009)
T. A. Tóth et al., PRL 105, 265301 (2010)

P. Corboz et al., PRL 107, 215301 (2011)
P. Nataf & F. Mila, PRL 113, 127204 (2014) …and many many others!!!

SU(2) SU(3) SU(4) SU(>=5)SU(5)



SU(N) Fermi-Hubbard model

First experimental observation of SU(N)
antiferromagnetism (Kyoto, Takahashi)
H. Ozawa et al., PRL 121, 225303 (2018)
S. Taie et al., arXiv:2010.07730 (2020)

Richer physics for SU(N) Fermi-Hubbard!

Different thermodynamics,
Novel quantum phases, exotic magnetism

SU(N) Heisenberg model @ low T
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Flavour-dependent localization of lattice fermions
D. Tusi et al., arXiv:2104.13338 (in press)



SU(N) Fermi-Hubbard

SU(3) fermions in a 3D optical lattice

𝐻𝐻 = −𝑡𝑡 ∑ 𝑖𝑖𝑖𝑖 𝑚𝑚 𝑐𝑐𝑖𝑖𝑖𝑖
† 𝑐𝑐𝑗𝑗𝑗𝑗 +𝑈𝑈 ∑𝑖𝑖𝑚𝑚𝑚𝑚𝑚 𝑛𝑛𝑖𝑖𝑚𝑚𝑛𝑛𝑖𝑖𝑖𝑖𝑖
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SU(3) symmetric

D. Tusi et al., arXiv:2104.13338 (2021)



Breaking SU(N) symmetry

Add an extra term to the Hamiltonian explicitly breaking SU(N) symmetry

𝐻𝐻 = −𝑡𝑡 ∑ 𝑖𝑖𝑖𝑖 𝑚𝑚 𝑐𝑐𝑖𝑖𝑖𝑖
† 𝑐𝑐𝑗𝑗𝑗𝑗 +𝑈𝑈 ∑𝑖𝑖𝑚𝑚𝑚𝑚𝑚 𝑛𝑛𝑖𝑖𝑚𝑚𝑛𝑛𝑖𝑖𝑖𝑖𝑖 +Ω ∑𝑖𝑖 𝑐𝑐𝑖𝑖𝑖

† 𝑐𝑐𝑖𝑖𝑖

SU(3) symmetric SU(3) breaking

Raman coupling
(Ω real)

D. Tusi et al., arXiv:2104.13338 (2021)



Breaking SU(N) symmetry

Add an extra term to the Hamiltonian explicitly breaking SU(N) symmetry

Raman coupling
(Ω real)

Ω

Ω

D. Tusi et al., arXiv:2104.13338 (2021)



Double occupancies

Measurement of doubly-occupied sites with photoassociation spectroscopy

Adiabatic preparation of ground state in a 3D lattice
Same number of particles per fermionic flavour (T/TF ≈ 0.25) 

Early ETH experimental work: R. Jordens et al., Nature 455, 204 (2008)

D. Tusi et al., arXiv:2104.13338 (2021)



Metal to insulator

Measurement of doubly occupied sites:

D. Tusi et al., arXiv:2104.13338 (2021)

(D = 6t)



Metal to insulator

Measurement of doubly occupied sites:

Repulsive interactions
suppress double occupancy

(Mott localization)

SU(3) metal

Mott Insulator

D. Tusi et al., arXiv:2104.13338 (2021)

(D = 6t)



Metal to insulator

Measurement of doubly occupied sites:
Coupling between flavours

favours localization

Repulsive interactions
suppress double occupancy

(Mott localization)

D. Tusi et al., arXiv:2104.13338 (2021)

(D = 6t)



Localization mechanisms

Localization by repulsion: Localization by degeneracy lifting:

D. Tusi et al., arXiv:2104.13338 (2021)



Experiment/theory comparison

DMFT (T=0) + LDA (trap)
(K. Baumann, L. Del Re, M. Capone)

1D DMRG (T=0)
(R. Barfknecht)

+Ω ∑𝑖𝑖 𝑐𝑐𝑖𝑖𝑖
† 𝑐𝑐𝑖𝑖𝑖

D. Tusi et al., arXiv:2104.13338 (2021)



Iron-based superconductors

A “new“ class of high-Tc superconductors

Chubukov & Hirschfeld, Phys. Today 68, 46 (2015)

Multiple orbitals involved in conduction
Hund‘s coupling between orbitals

Layered structure as cuprates
Square lattices of Fe (with As, Se, …)

Fe



Multi-orbital Hubbard models

Multi-orbital Hubbard models with coherent coupling between orbitals

L. De‘ Medici et al., PRL 102, 126401 (2009)

Orbital coupling shrinks
metallic phase by 
degeneracy lifting

Mott localization only
in some orbitals



Multi-orbital Hubbard modelsL. Del Re et al., PRA 98, 063628 (2018)

A minimal system where these effects can be observed



Multi-orbital Hubbard modelsL. Del Re et al., PRA 98, 063628 (2018)

Coherent coupling favours localization:

Raman coupling in ultracold SU(N) fermions emulates coupling between orbitals

State-selective properties:



State-selective correlations

Measurement of doublon character State-selective photoassociation at finite B

D. Tusi et al., arXiv:2104.13338 (2021)



State-selective correlations

N(         )

N(         ) + N(         ) + N(         )
Fraction of doublons in Raman-coupled flavours:

fra
ct

io
n

D. Tusi et al., arXiv:2104.13338 (2021)



State-selective correlations

N(         )

N(         ) + N(         ) + N(         )
Fraction of doublons in Raman-coupled flavours:
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State-selective correlations
triggered by polarization

in rotated basis

D. Tusi et al., arXiv:2104.13338 (2021)



State-selective correlations

N(         )

N(         ) + N(         ) + N(         )
Fraction of doublons in Raman-coupled flavours:

fra
ct

io
n

State-selective correlations
triggered by polarization

in rotated basis

D. Tusi et al., arXiv:2104.13338 (2021)



Lecture 1
Introduction to multicomponent quantum gases
Interactions in two-electron fermions and SU(N) physics
Experimental techniques 
EXP: SU(N) physics in low dimensions
EXP: SU(N) Fermi-Hubbard and breaking SU(N) physics

Lecture 2
Multicomponent systems with coherent coupling
Synthetic dimensions and artificial magnetic fields
EXP: Chiral edge currents in synthetic ladders
EXP: Synthetic Hall effect



Synthetic dimensions?



Synthetic dimensions?



Synthetic dimensions

Raman transitions coupling coherently different nuclear spin states:

-5/25/2 3/2 1/2 -1/2 -3/2



Synthetic dimensions

Analogous to coherent tunnelling coupling in a lattice:

-5/25/2 3/2 1/2 -1/2 -3/2

𝐻𝐻 = −𝑡𝑡 ∑𝑗𝑗 𝑐𝑐𝑗𝑗
†𝑐𝑐𝑗𝑗+1 + ℎ. 𝑐𝑐.

𝐻𝐻 = −Ω ∑𝑚𝑚 𝑐𝑐𝑚𝑚
† 𝑐𝑐𝑚𝑚+1 + ℎ. 𝑐𝑐.



Simulating an "extra dimension"

O. Boada et al., PRL 108, 133001 (2012)Quantum simulation of 4D models:

Realization of a synthetic lattice dimension



Opening new synthetic dimensions

The idea of synthetic dimensions is quite general:
stable quantum states + coherent coupling T. Ozawa & H. M. Price 

Nature Reviews Physics 1, 349 (2019)



Momentum states F. A. An et al., Science Advances 3, e1602685 (2017)

Opening new synthetic dimensions

Examples of recent implementations:

Trap levels C. Oliver et al., arXiv:2112.10648

The idea of synthetic dimensions is quite general:
stable quantum states + coherent coupling T. Ozawa & H. M. Price 

Nature Reviews Physics 1, 349 (2019)



Opening new synthetic dimensions

Examples of recent implementations:

Molecular rotational B. Sundar et al., Sci. Rep. 8, 3422 (2018)
states (theory)

Rydberg states S. K. Kanungo al., Nat. Comm. 13, 972 (2022)

The idea of synthetic dimensions is quite general:
stable quantum states + coherent coupling T. Ozawa & H. M. Price 

Nature Reviews Physics 1, 349 (2019)
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A quantum charged particle in a magnetic field



A synthetic flux ladder

1D real + 1D synthetic ladder

M. Mancini et al., Science 349, 1510 (2015)

proposal:
A. Celi et al., PRL 112, 043001 (2014)

experiment:
M. Mancini et al., Science 349, 1510 (2015)
B. K. Stuhl et al., Science 349, 1514 (2015)



real space

A synthetic flux ladder

1D real + 1D synthetic ladder

M. Mancini et al., Science 349, 1510 (2015)



real space

A synthetic flux ladder

1D real + 1D synthetic ladder

M. Mancini et al., Science 349, 1510 (2015)



real space

A synthetic flux ladder

1D real + 1D synthetic ladder

𝐸𝐸1 = 𝐸𝐸0𝑒𝑒𝑖𝑖𝐤𝐤�𝒓𝒓

𝐸𝐸2 = 𝐸𝐸0𝑒𝑒𝑖𝑖𝐤𝐤𝐤�𝒓𝒓

Ω 𝐫𝐫 =
Ω2∗ 𝐫𝐫 Ω1 𝐫𝐫

2Δ
= Ω 𝑒𝑒𝑖𝑖 (𝐤𝐤−𝐤𝐤𝐤)�𝒓𝒓 = Ω 𝑒𝑒𝑖𝑖 Δ𝐤𝐤�𝒓𝒓

Ω𝑗𝑗 = Ω 𝑒𝑒𝑖𝑖𝜑𝜑𝜑𝜑

two-photon Rabi frequency:

M. Mancini et al., Science 349, 1510 (2015)



A synthetic flux ladder

1D real + 1D synthetic ladder

Aharonov-Bohm geometric phase

φ

Aharonov-Bohm phase imprinted by lasers: B

D. Jaksch & P. Zoller, NJP 5, 56 (2003)

Reviews on gauge fields for ultracold atoms:
J. Dalibard et al., Rev. Mod. Phys. 83, 1523 (2011)
N. Goldman et al., Rep. Prog. Phys. 77, 126401 (2014) 

𝜓𝜓 → 𝑒𝑒𝑖𝑖𝑖𝑖𝜓𝜓

𝜙𝜙 = 2𝜋𝜋
Φ(𝐁𝐁)
Φ0

proposal:
A. Celi et al., PRL 112, 043001 (2014)

experiment:
M. Mancini et al., Science 349, 1510 (2015)
B. K. Stuhl et al., Science 349, 1514 (2015)

M. Mancini et al., Science 349, 1510 (2015)

real space



proposal:
A. Celi et al., PRL 112, 043001 (2014)

experiment:
M. Mancini et al., Science 349, 1510 (2015)
B. K. Stuhl et al., Science 349, 1514 (2015)real space

A synthetic flux ladder

1D real + 1D synthetic ladder

A synthetic magnetic field
for effectively charged particles

M. Mancini et al., Science 349, 1510 (2015)
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M. Mancini et al., Science 349, 1510 (2015)
L. Livi et al., PRL 117, 220401 (2016)



Quantum Hall

Edge states are a hallmark of topological states of matter (Nobel Physics 2016)

Figure from S. Oh, Science 340, 153 (2013)

chiral edge currents



Observing chiral edge statesM. Mancini et al., Science 349, 1510 (2015)

Adiabatic preparation of a Fermi gas in a 3-leg synthetic flux ladder

Spin-selective detection = single-site imaging in synthetic dimension

Flux: 𝜙𝜙 = 0.37𝜋𝜋
Lattice filling: ∼ 0.75 atoms / real site

+3/2 -1/2 -5/2



Observing chiral edge statesM. Mancini et al., Science 349, 1510 (2015)

Adiabatic preparation of a Fermi gas in a 3-leg synthetic flux ladder

Spin-selective detection = single-site imaging in synthetic dimension

Flux: 𝜙𝜙 = 0.37𝜋𝜋
Lattice filling: ∼ 0.75 atoms / real site

Observation of
chiral edge currents

+3/2 -1/2 -5/2
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1
𝑛𝑛𝑔𝑔 𝑘𝑘 −𝑛𝑛𝑔𝑔 −𝑘𝑘 𝑑𝑑𝑑𝑑

Chiral currents with tunable flux

Measurement of
chiral current J vs 𝜙𝜙

L. Livi et al., PRL 117, 220401 (2016)
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Chiral currents with tunable flux

Measurement of
chiral current J vs 𝜙𝜙
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Measurement of
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B
B
B

B

effective field: 104 T!



Measurement of
chiral current J vs 𝜙𝜙

Chiral currents with tunable flux

𝐽𝐽 𝜙𝜙 = −𝐽𝐽(−𝜙𝜙)
𝐽𝐽 𝜙𝜙 = 𝐽𝐽(2𝜋𝜋 + 𝜙𝜙)

time-reversal
lattice

L. Livi et al., PRL 117, 220401 (2016)

Hofstadter's butterfly

Chern number

B
𝜙𝜙 = 2𝜋𝜋

Φ(𝐁𝐁)
Φ0

Inversion of J
above π flux

𝐻𝐻 = −𝑡𝑡 ∑𝑗𝑗,𝑚𝑚 𝑐𝑐𝑗𝑗,𝑚𝑚
† 𝑐𝑐𝑗𝑗+1,𝑚𝑚 + ℎ. 𝑐𝑐.

−Ω ∑𝑗𝑗,𝑚𝑚 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑐𝑐𝑗𝑗,𝑚𝑚
† 𝑐𝑐𝑗𝑗,𝑚𝑚+1 + ℎ. 𝑐𝑐.

Harper-Hofstadter model:



Measurement of
chiral current J vs 𝜙𝜙

Chiral currents with tunable flux

𝐽𝐽 𝜙𝜙 = −𝐽𝐽(−𝜙𝜙)
𝐽𝐽 𝜙𝜙 = 𝐽𝐽(2𝜋𝜋 + 𝜙𝜙)

time-reversal
lattice
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flux 𝜙𝜙/2𝜋𝜋

L. Livi et al., PRL 117, 220401 (2016)

Hofstadter's butterfly

Inversion of J
above π flux

𝐻𝐻 = −𝑡𝑡 ∑𝑗𝑗,𝑚𝑚 𝑐𝑐𝑗𝑗,𝑚𝑚
† 𝑐𝑐𝑗𝑗+1,𝑚𝑚 + ℎ. 𝑐𝑐.

−Ω ∑𝑗𝑗,𝑚𝑚 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑐𝑐𝑗𝑗,𝑚𝑚
† 𝑐𝑐𝑗𝑗,𝑚𝑚+1 + ℎ. 𝑐𝑐.

Harper-Hofstadter model:



Measurement of
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Chiral currents with tunable flux

𝐽𝐽 𝜙𝜙 = −𝐽𝐽(−𝜙𝜙)
𝐽𝐽 𝜙𝜙 = 𝐽𝐽(2𝜋𝜋 + 𝜙𝜙)

time-reversal
lattice

en
er

gy

flux 𝜙𝜙/2𝜋𝜋
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Hofstadter's butterfly

Chern number

Inversion of J
above π flux

𝐻𝐻 = −𝑡𝑡 ∑𝑗𝑗,𝑚𝑚 𝑐𝑐𝑗𝑗,𝑚𝑚
† 𝑐𝑐𝑗𝑗+1,𝑚𝑚 + ℎ. 𝑐𝑐.

−Ω ∑𝑗𝑗,𝑚𝑚 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝑐𝑐𝑗𝑗,𝑚𝑚
† 𝑐𝑐𝑗𝑗,𝑚𝑚+1 + ℎ. 𝑐𝑐.

Harper-Hofstadter model:



Synthetic magnetic flux or spin-orbit coupling?

-5/25/2 3/2 1/2 -1/2 -3/2

two-photon
Raman transitions+δk +δk +δk +δk +δk



Synthetic magnetic flux or spin-orbit coupling?

-5/25/2 3/2 1/2 -1/2 -3/2

two-photon
Raman transitions+δk +δk +δk +δk +δk

momentum [k]

en
er

gy

spin-orbit coupling in real space

+δk +δk +δk +δk +δk

∼Ω



Synthetic magnetic flux or spin-orbit coupling?

-5/25/2 3/2 1/2 -1/2 -3/2

two-photon
Raman transitions+δk +δk +δk +δk +δk

momentum [k]

en
er

gy

spin-orbit coupling in real space

-5/2

-3/2

-1/2

1/2

3/2

5/2

+δk +δk +δk +δk +δk

∼Ω



Larger synthetic dimensionsT. Chalopin et al., Nature Phys. 16, 1017 (2020)

162Dy atoms

F=8

2F+1=17 sites
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Observation of Universal Hall response
T. Zhou et al., arXiv:2205.13567



Hall effect

Classical picture of the Hall effect
Longitudinal current + magnetic field
Lorentz force + buildup of transverse voltage

E. H. Hall, American Journal of Mathematics 2, 287 (1879)

small B / classical: 𝑅𝑅H = 𝐸𝐸𝑦𝑦
𝐵𝐵�𝐽𝐽𝑥𝑥

~ −1
𝑛𝑛𝑛𝑛

large B / quantum: 𝑅𝑅H𝐵𝐵 = ℎ
𝑒𝑒2

1
𝑣𝑣
𝑣𝑣 ∈ 𝒁𝒁

Well understood for noninteracting electrons in the continuum

magnetometers,
characterization of materials, …

quantization, metrology
(resistance standards), … 



Hall effectE. H. Hall, American Journal of Mathematics 2, 287 (1879)

small B / classical: 𝑅𝑅H = 𝐸𝐸𝑦𝑦
𝐵𝐵�𝐽𝐽𝑥𝑥

~ −1
𝑛𝑛𝑛𝑛

large B / quantum: 𝑅𝑅H𝐵𝐵 = ℎ
𝑒𝑒2

1
𝑣𝑣
𝑣𝑣 ∈ 𝒁𝒁

Serious challenges for low-dimensional and strongly correlated materials

temperature dependence,
change of sign, …

fractional quantum Hall
fractional statistics, …

Organic quasi-1D systems High-Tc superconductors (cuprates)
J. Moser et al., PRL 84, 2674 (2000) S. Badoux et al., Nature 531, 210 (2016)



Hall effect in synthetic ladders

How to measure the Hall response for strongly interacting atomic systems?

S. Greschner et al., PRL 122, 083402 (2019)



Measurement of Hall response

Quenched dynamics 
following the activation
of a longitudinal field

Observation of the
microscopic build-up
of a Hall response

Measurement of a
stationary Hall imbalance

T. Zhou et al., arXiv:2205.13567 



𝐽𝐽𝑥𝑥

Hall effect in synthetic ladders

and a time-dependent polarization
(Hall response)

Optical gradient along x induces
a longitudinal current

T. Zhou et al., arXiv:2205.13567 



Hall effect in synthetic ladders

and a time-dependent polarization
(Hall response)

Optical gradient along x induces
a longitudinal current

The Hall imbalance rapidly
approaches a stationary regime

T. Zhou et al., arXiv:2205.13567 



Universal regime of Hall response

Dependence of the
Hall imbalance on the
transverse hopping 𝑡𝑡𝑦𝑦

Theory: C. Repellin, S. Greschner, M. Filippone, T. Giamarchi

𝑡𝑡𝑥𝑥

𝑡𝑡𝑦𝑦 𝑒𝑒𝑖𝑖 𝚫𝚫𝒌𝒌�𝒙𝒙

T. Zhou et al., arXiv:2205.13567 



Universal regime of Hall response

Dependence of the
Hall imbalance on the
transverse hopping 𝑡𝑡𝑦𝑦

Theory: C. Repellin, S. Greschner, M. Filippone, T. Giamarchi

A large 𝑡𝑡𝑦𝑦 opens a gap 
between the two bands, 
stabilizing a single-band 
metal where ΔH takes the 
universal value

T. Zhou et al., arXiv:2205.13567 



Universal regime of Hall response

Dependence of the
Hall imbalance on the
interaction strength 𝑈𝑈

Theory: C. Repellin, S. Greschner, M. Filippone, T. Giamarchi

𝑡𝑡𝑥𝑥

𝑈𝑈

Increasing 𝑈𝑈 leads to a 
robust single-band metallic 
state characterized by the 
universal Hall imbalance

Clear effect of atom-
atom interactions on 

Hall dynamics

T. Zhou et al., arXiv:2205.13567 
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Nuclear spin and electronic state

-5/25/2 3/2 1/2 -1/2 -3/2

1S0

-5/25/2 3/2 1/2 -1/2 -3/2

3P0e

g

Two internal degrees of freedom with long coherence times:

Nuclear spin Electronic state

578nm optical clock transition

stable

τ ∼ 20 s
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