
The quantum impurity 
problem & beyond
Meera Parish
Monash University (Melbourne)



Background 
• Consider an interacting quantum mixture 

with, e.g., 2 components:

• Complicated many-body problem!
• How to tackle?



Background 
• Consider limit of a single quantum impurity 

particle in a background medium:

• Simpler problem and fundamental to a 
range of different systems

• Ultracold atomic gases

• Excitons in 2D semiconductors

• Protons in neutron stars

Impurity scenarios:
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smaller than that of the electron6, the extension of our experiments
to a 2D cavity could realize a Fermi-polaron system with a tunable
ultrasmall mass impurity.

We embed a MoSe2/hBN/graphene heterostructure26 inside an
open optical cavity27 consisting of a flat dielectric mirror and a fibre
mirror with a radius of curvature of 30 µm (Fig. 1a). We use the
graphene layer as a top gate that controls the electron density in the
MoSe2 layer (Fig. 1b), allowing us to tune the Fermi energy from
EF =0 to EF �ET, or equivalently, from ne =0 to ne �5⇥1012 cm�2.
The thickness of the hBN layer is chosen to ensure that the MoSe2 is
located at an antinode of the cavity, while the graphene monolayer
is at a node where the intra-cavity field vanishes; this choice ensures
that the graphene absorption does not lead to a deterioration of the
cavity finesse, which we estimate to be F ⇠200.

To characterize the elementary optical excitations of the MoSe2
monolayer, we set the cavity length to Lcav = 9.1 µm, and the
sample temperature to T = 4 K, and carry out spectroscopy in
the limit of weak (perturbative) coupling to the cavity mode.
Figure 2a depicts the cavity transmission spectrum in this weak-
coupling regime obtained for Vg =�3V: the parallel diagonal lines
correspond to transmission maxima associated with neighbouring
axial modes of the cavity. Zooming in to the central mode, we
find that the mode energy as well as its linewidth varies non-
trivially due to coupling to the MoSe2 excitations. We plot the
colour-coded cavity line broadening (Fig. 2b) and line shift (Fig. 2c)
as a function of Vg (vertical axis) and the fundamental cavity
mode frequency (horizontal axis). Since the bare cavity linewidth
(⇠0.38meV) is much smaller than the spectral features associated
with excitonic resonances, the increase in cavity linewidth, or
shift in cavity resonance frequency allows us to determine the
imaginary (absorption) and real (dispersion) parts of MoSe2 linear
susceptibility (Fig. 2b,c). We note that even for Lcav =9.1µm,
the exciton resonance is in the strong-coupling regime for
Vg <�10V, albeit with a small normal mode splitting: in this limit,
highlighted by the dashed rectangle in Fig. 2b, it is not possible
to directly measure the cavity line broadening (see Supplementary
Information). As a finite electron density ne is introduced by
increasing Vg to �10V, a new absorption resonance (shaded blue
curve), which is red-detuned by ⇠25meV from the bare exciton
resonance, emerges (Fig. 2d). At the same time, the exciton line
blueshifts and broadens, thereby ensuring that the coupling to the
cavity mode is in the perturbative limit. For Vg = 0V, the exciton
resonance sharply shifts to higher energies as the lower-energy
resonance becomes prominent (Fig. 2e). Further increase in Vg
leads to an increasing energy of the redshifted resonance and an
indiscernible exciton feature (Fig. 2f).We observe that forVg >20V,
the MoSe2 monolayer-induced cavity line broadening exhibits a
spectrally flat blue tail in absorption (Fig. 2g). Since the cavity line-
broadening (Fig. 2b) and line-shift (Fig. 2c) data are connected by
Kramers–Kronig relations, we mainly refer to line broadening in
the following discussion. We also remark that in our experiments
we monitor only optical resonances associated with the so-called A-
exciton manifold26.

We note that TMD monolayer PL at low ne is known to
exhibit a sharp peak that is typically associated with trion radiative
recombination26: this identification may be justified by the fact that
photo-excited carriers predominantly relax to the lowest energy
molecular (trion) state, which in turn decays by spontaneous
emission to an excited state of the 2DES. We observe that in Fig. 2e
the PL line (green curve) is only slightly redshifted with respect to
the peak in absorption. In contrast, increasing Vg further results
in a redshift of the PL peak while the low-energy absorption peak
experiences a blueshift (Fig. 2f). Further increase in ne results in a
large splitting exceeding 40meV between the absorption and PL
peaks (Fig. 2g), suggesting that they are associated with di�erent
elementary optical excitations.
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Figure 1 | A MoSe2/hBN/graphene heterostructure in a fibre cavity. a, The
sample consists of a 3µm by 5µm MoSe2 monolayer sandwiched between
10-nm- and 110-nm-thick hBN layers. A graphene layer on top completes
the heterostructure that allows for controlling the electron density in the
MoSe2 monolayer by gating. The heterostructure is placed on top of a flat
dielectric mirror (DBR). The thicknesses of the hBN layers are chosen to
ensure that the MoSe2 monolayer is at an antinode and the graphene layer
is at a node of the cavity formed by the bottom dielectric mirror and the top
fibre mirror. The finesse of the cavity is ⇠200; the cavity length can be
tuned from 1.9µm to 15µm. b, The optical microscope image of the
heterostructure where the overlap between the MoSe2 monolayer and the
top graphene layer is identified. c, Due to exciton–electron interactions, the
exciton is surrounded by an electron screening cloud that leads to the
formation of an attractive polaron (left panel). For a repulsive polaron the
electrons are pushed away from the exciton leading to a higher-energy
metastable excitation (right panel).

We identify the emerging lower-energy resonance in
absorption for Vg � �10 V as stemming from attractive exciton-
polarons (Fig. 1c). The observation of substantial line broadening
of the cavity mode indicates a sizable overlap between the ground
state (with no optical or electronic excitation above the Fermi sea)
and the optically excited state. These observations in turn render it
unlikely that the observed features are associated with direct optical
excitation of a trion. In contrast to the trion an attractive polaron
has a finite amplitude for having no electron–hole pair excitation
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Focus of these lectures

• Medium is an ideal Fermi gas
• The so-called “Fermi polaron” problem

• Non-trivial problem despite the medium 
being simple and well understood
For instance:

• Possibility of transitions where impurity 
abruptly changes its character

• Orthogonality catastrophe when the impurity 
is infinitely heavy 
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Outline

• Introduction to Fermi polarons
• Theoretical description

• Ground-state behaviour
• Single-impurity transitions

• Energy spectrum and dynamics



Quantum impurity in a Fermi gas
• Impurity becomes “dressed” by particle-

hole excitations of the Fermi sea
→ Fermi polaron quasiparticle

• Polarons resemble original impurity, but 
with modified properties, e.g., mass 

• Theoretical description
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†
k0 ĉk0�q
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Short-range attractive interactions
(atom-atom, electron-exciton, etc. …)
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Lippmann-Schwinger equation:
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Polaron ground state
• Start with the case of vanishing 

impurity-fermion interactions
• Minimize                   w.r.t ⍺ parameters to 

obtain polaron properties: 
• energy E, residue          , mass… ĉ†0|FSi
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• Turning on interactions creates particle-
hole excitations
• Variational state (“Chevy ansatz”):

Chevy, PRA 74, 063628 (2006) 
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strongly interacting many-body systems are rare, and the
(N + 1) problem therefore provides an important testbed for
improving our understanding of more complex states of highly
correlated matter. In particular, the study of the extremely po-
larized case of a single impurity provides accurate informa-
tion for systems that feature a sizable concentration of minor-
ity particles, the impurity limit exhibiting some of the critical
points of the full phase diagram, whose topology we can thus
learn about by investigating highly polarized systems [47].

In this topical review article, we focus on a specific kind
of impurity quasiparticle, termed the repulsive polaron, dis-
cussing experimental and theoretical progress in the under-
standing of its highly non-trivial nature from a cold-atom per-
spective. Originally introduced to characterize the Stoner in-
stability [48] of a gas of itinerant fermions towards a ferro-
magnetic state [3, 49, 50], the repulsive polaron concept is
nowadays generically employed to denote any impurity parti-
cle dressed by strong repulsive interactions with a surround-
ing (either fermionic or bosonic) medium. While for gen-
uine impurity-medium interparticle repulsion, e.g., the one
originating from Coulomb or hard-sphere interaction poten-
tials, the repulsive polaron represents the ground state of the
(N + 1)-system, in the case of van der Waals interactions rel-
evant for cold atomic gases [41] such repulsive quasiparticles
connect to an excited energy branch of the many-body spec-
trum (see Fig. 1). This is due to the fact that any short-ranged
repulsion with a scattering length exceeding the interaction
range inherently requires an underlying weakly-bound molec-
ular level into which the system may decay, thereby making
the repulsive polaron metastable. As a consequence, repul-
sive quasiparticles in ultracold atomic mixtures represent both
a theoretical and experimental challenge, which has stimu-
lated over the last decade an intense debate about the nature of
the repulsive branch, with even its existence being questioned
[51]. On the other hand, this has triggered the rapid devel-
opment of new theoretical methods and experimental probes,
able to trace in real time the quasiparticle formation, decay
and decoherence [22, 28, 37, 46, 52–56].

Here, we provide a concise overview of the recent advances
in this research field. The remainder of the paper is orga-
nized as follows: in Section II, we outline the theoretical ba-
sis for the treatment of single-impurity problems in ultracold
bosonic and fermionic atomic media; in Section III, we in-
troduce the main experimental probes of polaron quasiparti-
cle properties, especially focusing on the metastable repulsive
branch; in Section IV, we discuss the origin of the repulsive
polaron quasiparticle lifetime, reconciling different interpre-
tations for the quasiparticle damping mechanisms found in
the literature; finally, in Section V, we discuss the emergence
of long-range impurity-impurity interactions mediated by the
medium, thereby linking polaron physics to that of bosonic
and fermionic atomic mixtures.

II. FERMI AND BOSE POLARONS

We begin by introducing the problem of a single impurity
in a quantum medium and providing an overview of the basic
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FIG. 1. Quasiparticle spectrum as a function of interaction strength
1/(kF a). Attractive (green) and repulsive (purple) polaron energy
branches. The shaded area centered around the repulsive polaron en-
ergy represents the quasiparticle spectral width �. For widths com-
parable to its energy, the repulsive polaron ceases to be a well de-
fined coherent quasiparticle (dashed line ending). In the case of a
fermionic medium, the attractive polaron also stops being well de-
fined at sufficiently large 1/(kF a), where it undergoes a sharp tran-
sition to a dressed molecule quasiparticle [57]. On the other hand,
the ground state of the Bose polaron spectrum does not feature a
single-impurity transition. Inset: impurity spectral function A(!) at
zero momentum for ! > 0, i.e. a vertical cut through the repulsive
polaron spectrum at fixed interaction strength. The center of the po-
laron spectral function denotes the polaron energy E, while its half
width at half maximum and area relate to the quasiparticle width �
and residue Z, respectively.

theoretical concepts. Our focus will be on the case of short-
range interactions between the impurity and medium particles,
which is appropriate for dilute quantum gases. For concrete-
ness, we will restrict our attention to three-dimensional (3D)
systems, since this is the situation for most of the cold-atom
experiments that have been performed thus far. However, the
phenomenology of the repulsive polaron branch is similar in
two dimensions [28], and thus our discussion is also relevant
to exciton polarons in atomically thin semiconductors [30].

A. Theoretical description

In this review, we will assume that the medium consists of
identical particles of mass mmed which are in thermal equi-
librium at a temperature T and chemical potential µ. The
medium can, for instance, correspond to an ideal Fermi gas
or a weakly interacting Bose gas. It is governed by a Hamil-
tonian Ĥmed which, in the two cases, is given by either

ĤFermi =
X

k

(✏med
k � µ)f̂†

kf̂k, (1)
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Polaron ground state
• Start with the case of vanishing 

impurity-fermion interactions
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• Turning on interactions creates particle-
hole excitations
• Variational state (“Chevy ansatz”):

Chevy, PRA 74, 063628 (2006) 

• Ansatz is accurate* for all interactions!

Vlietinck et al., PRB 87, 115133 (2013) 
Comparison with QMC (equal masses)

Why so accurate?
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Chevy, PRA 74, 063628 (2006) 

• Turning on interactions creates particle-
hole excitations
• Variational state (“Chevy ansatz”):

• Near cancellation of processes with 2+ 
excitations due to Fermi statistics

Combescot & Giraud, PRL 101, 050404 (2008) 

• Describes two-body (molecule) bound 
state in limit 1/kFa ! 1
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Ground-state transitions
• Impurity abruptly binds fermion to form 

(dressed) molecule

Prokof’ev & Svistunov, PRB 77, 020408(R) (2008);
Punk et al., PRA 2009; Bruun & Massignan, PRL 2010 … 
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Observation of Fermi Polarons in a Tunable Fermi Liquid of Ultracold Atoms

André Schirotzek, Cheng-Hsun Wu, Ariel Sommer, and Martin W. Zwierlein
Department of Physics, MIT-Harvard Center for Ultracold Atoms, and Research Laboratory of Electronics,

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA

We have observed Fermi polarons, dressed spin down impurities in a spin up Fermi sea of ultracold
atoms. The polaron manifests itself as a narrow peak in the impurities’ rf spectrum that emerges
from a broad incoherent background. We determine the polaron energy and the quasiparticle residue
for various interaction strengths around a Feshbach resonance. At a critical interaction, we observe
the transition from polaronic to molecular binding. Here, the imbalanced Fermi liquid undergoes a
phase transition into a Bose liquid coexisting with a Fermi sea.

PACS numbers: 05.30.Fk,03.75.Ss, 32.30.Bv, 67.60.Fp

The fate of a single impurity interacting with its en-
vironment determines the low-temperature behavior of
many condensed matter systems. A well-known exam-
ple is given by an electron moving in a crystal lattice,
displacing nearby ions and thus creating a localized po-
larization. The electron, together with its surrounding
cloud of lattice distortions, phonons, forms the lattice
polaron [1]. It is a quasiparticle with an energy and
mass that di!er from that of the bare electron. Polarons
are central to the understanding of colossal magnetoresis-
tance materials [2], and they a!ect the spectral function
of cuprates, the parent material of High-TC superconduc-
tors [3]. Another famous impurity problem is the Kondo
e!ect, where immobile spin impurities give rise to an en-
hanced resistance in metals below the Kondo tempera-
ture [4]. In contrast to the electron moving in a phonon
bath, a bosonic environment, in the latter case the im-
purity interacts with a fermionic environment, the Fermi
sea of electrons.

Here we study a small concentration of spin down
impurities immersed in a spin up Fermi sea of ultra-
cold atoms. This system represents the limiting case
of spin-imbalanced Fermi gases and has been recog-
nized to hold the key to the quantitative understand-
ing of the phase diagram of imbalanced Fermi mix-
tures [1, 2, 3, 6, 6, 7, 7, 8, 12, 13, 14, 17]. Unlike in liquid
3He, the s-wave interaction potential between the impuri-
ties and the spin up atoms in this novel spin-imbalanced
Fermi liquid is attractive. The vicinity of a Feshbach
resonance allows to tune the interaction strength at will,
characterized by the ratio of the interparticle distance
! 1/kF to the scattering length a, where kF is the spin up
Fermi wavevector [5]. Fig. 1 depicts the scenario for a sin-
gle impurity: For weak attraction (1/kF a " #1) the im-
purity propagates freely in the spin up medium of density
n! = k3

F /6!2 (Fig. 1a). It merely experiences the familiar
attractive mean field energy shift E" = 4!!2an!/m < 0.
However, as the attractive interaction grows, the im-
purity can undergo momentum changing collisions with
environment atoms, and thus starts to attract its sur-
roundings. The impurity “dressed” with the localized
cloud of scattered fermions constitutes the Fermi polaron

FIG. 1: From polarons to molecules. a) For weak attraction,
an impurity (blue) experiences the mean field of the medium
(red). b) For stronger attraction, the impurity surrounds it-
self with a localized cloud of environment atoms, forming a
polaron. c) For strong attraction, molecules of size a form
despite Pauli blocking of momenta !k < !kF ! !/a by the
environment.

(Fig. 1b). Dressing becomes important once the mean
free path ! 1/n!a2 of the bare impurity in the medium
becomes comparable to the distance ! 1/kF between en-
vironment particles or when (kF a)2 ! 1. Collisions then
reduce the bare impurity’s probability of free propaga-
tion, the quasiparticle residue Z, from unity. The dressed
impurity can instead move freely through the environ-
ment, with an energy E" shifted away from the simple
mean field result. This polaronic state is stable until, for
strong attraction (1/kF a ! 1), equivalent to a deep ef-
fective potential well, the spin down impurity will bind
exactly one spin up atom, thus forming a tightly bound
molecule (Fig. 1c). This molecule is itself a dressed im-
purity, albeit a bosonic one [13].

To prepare and observe Fermi polarons, we start with a
spin-polarized cloud of 6Li atoms in the lowest hyperfine
state |1$ (spin up), confined in a cylindrically symmetric
optical trap (125 µm waist, 145 Hz/22.3 Hz radial/axial
trapping frequency) at a magnetic field of 690 G [5]. A
two-photon Landau-Zener sweep transfers a small frac-
tion into state |3$ (spin down), and further cooling re-
sults in a cloud containing 2% |3$ impurities immersed
in a degenerate Fermi gas of 5 million |1$ atoms at a tem-
perature T = 0.14(3)TF , where TF is the Fermi temper-
ature. A 100 G wide Feshbach resonance for scattering
between these states is centered at 690 G. For various
fields around the resonance, we perform rf spectroscopy

Schirotzek et al., PRL 2009
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Ground-state transitions
• Impurity abruptly binds fermion to form 

(dressed) molecule

Prokof’ev & Svistunov, PRB 77, 020408(R) (2008);
Punk et al., PRA 2009; Bruun & Massignan, PRL 2010 … 

• Sharp transition according to theory:
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phase transition into a Bose liquid coexisting with a Fermi sea.

PACS numbers: 05.30.Fk,03.75.Ss, 32.30.Bv, 67.60.Fp

The fate of a single impurity interacting with its en-
vironment determines the low-temperature behavior of
many condensed matter systems. A well-known exam-
ple is given by an electron moving in a crystal lattice,
displacing nearby ions and thus creating a localized po-
larization. The electron, together with its surrounding
cloud of lattice distortions, phonons, forms the lattice
polaron [1]. It is a quasiparticle with an energy and
mass that di!er from that of the bare electron. Polarons
are central to the understanding of colossal magnetoresis-
tance materials [2], and they a!ect the spectral function
of cuprates, the parent material of High-TC superconduc-
tors [3]. Another famous impurity problem is the Kondo
e!ect, where immobile spin impurities give rise to an en-
hanced resistance in metals below the Kondo tempera-
ture [4]. In contrast to the electron moving in a phonon
bath, a bosonic environment, in the latter case the im-
purity interacts with a fermionic environment, the Fermi
sea of electrons.

Here we study a small concentration of spin down
impurities immersed in a spin up Fermi sea of ultra-
cold atoms. This system represents the limiting case
of spin-imbalanced Fermi gases and has been recog-
nized to hold the key to the quantitative understand-
ing of the phase diagram of imbalanced Fermi mix-
tures [1, 2, 3, 6, 6, 7, 7, 8, 12, 13, 14, 17]. Unlike in liquid
3He, the s-wave interaction potential between the impuri-
ties and the spin up atoms in this novel spin-imbalanced
Fermi liquid is attractive. The vicinity of a Feshbach
resonance allows to tune the interaction strength at will,
characterized by the ratio of the interparticle distance
! 1/kF to the scattering length a, where kF is the spin up
Fermi wavevector [5]. Fig. 1 depicts the scenario for a sin-
gle impurity: For weak attraction (1/kF a " #1) the im-
purity propagates freely in the spin up medium of density
n! = k3

F /6!2 (Fig. 1a). It merely experiences the familiar
attractive mean field energy shift E" = 4!!2an!/m < 0.
However, as the attractive interaction grows, the im-
purity can undergo momentum changing collisions with
environment atoms, and thus starts to attract its sur-
roundings. The impurity “dressed” with the localized
cloud of scattered fermions constitutes the Fermi polaron

FIG. 1: From polarons to molecules. a) For weak attraction,
an impurity (blue) experiences the mean field of the medium
(red). b) For stronger attraction, the impurity surrounds it-
self with a localized cloud of environment atoms, forming a
polaron. c) For strong attraction, molecules of size a form
despite Pauli blocking of momenta !k < !kF ! !/a by the
environment.

(Fig. 1b). Dressing becomes important once the mean
free path ! 1/n!a2 of the bare impurity in the medium
becomes comparable to the distance ! 1/kF between en-
vironment particles or when (kF a)2 ! 1. Collisions then
reduce the bare impurity’s probability of free propaga-
tion, the quasiparticle residue Z, from unity. The dressed
impurity can instead move freely through the environ-
ment, with an energy E" shifted away from the simple
mean field result. This polaronic state is stable until, for
strong attraction (1/kF a ! 1), equivalent to a deep ef-
fective potential well, the spin down impurity will bind
exactly one spin up atom, thus forming a tightly bound
molecule (Fig. 1c). This molecule is itself a dressed im-
purity, albeit a bosonic one [13].

To prepare and observe Fermi polarons, we start with a
spin-polarized cloud of 6Li atoms in the lowest hyperfine
state |1$ (spin up), confined in a cylindrically symmetric
optical trap (125 µm waist, 145 Hz/22.3 Hz radial/axial
trapping frequency) at a magnetic field of 690 G [5]. A
two-photon Landau-Zener sweep transfers a small frac-
tion into state |3$ (spin down), and further cooling re-
sults in a cloud containing 2% |3$ impurities immersed
in a degenerate Fermi gas of 5 million |1$ atoms at a tem-
perature T = 0.14(3)TF , where TF is the Fermi temper-
ature. A 100 G wide Feshbach resonance for scattering
between these states is centered at 690 G. For various
fields around the resonance, we perform rf spectroscopy

Schirotzek et al., PRL 2009

| i =
h
↵0ĉ
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FIG. 7. Schematic illustration of the zero-temperature phase di-
agram in the highly spin-imbalanced regime. The blue diamond
denotes the polaron-molecule transition in the single-impurity limit
n! " 0. The associated continuous transition (dashed line) between
superfluid and Fermi liquid phases is preempted by a first-order
transition, resulting in a region of phase separation (shaded area) that
terminates in a tricritical point (orange circle).

phases (see Fig. 7). Such phase separation has also been
observed in cold-atom experiments [58,59].

The first-order transition at positive scattering length
can be understood as arising from interactions between the
dressed impurity quasiparticles. Specifically, it occurs when
there is an effective attraction between the dressed molecules
or dimers. To see this, consider the effective Ginzburg-Landau
free energy for the paired superfluid at zero temperature and
large spin imbalance,

! = #µd |"|2 + u
2
|"|4, (29)

where the order parameter |"|2 corresponds to the density of
$! dressed dimers, while µd is the dimer chemical potential
and u is the strength of the interactions between dressed
dimers. In the limit of a single impurity, one ignores the
quartic interaction term and only considers the behavior of
the quadratic (one-body) term. For µd < 0, the polaron is
favored over the dressed dimer and there is no superfluid phase
(" = 0). Thus, the polaron-molecule transition corresponds to
the point where µd first becomes zero, such that the dressed
dimer energy is equal to the polaron energy.

Beyond the single-impurity limit, the condition µd = 0
in Eq. (29) corresponds to a second-order phase transition
provided we have repulsive dimer-dimer interactions u > 0.
This is the case for strong attraction, 1/kF a % 1, where one
has a superfluid of tightly bound repulsive $! pairs that can
coexist with any excess $ fermions, as depicted in Fig. 7.
For µd > 0, we have a finite density of bosonic pairs given
by n! = µd/u, so the condition µd = 0 describes a second-
order phase boundary at n! = 0 where the superfluid density
smoothly goes to zero. For decreasing 1/kF a along this phase
boundary, the onset of phase separation occurs at a tricritical
point (orange circle in Fig. 7), where the effective interactions
vanish and we have µd = u = 0. We discuss in Sec. IV A how
this point can be understood as arising from the competition
between direct and induced boson-boson interactions in a
Bose-Fermi mixture.

Continuing along the phase boundary at n! = 0, immedi-
ately to the left of the tricritical point in Fig. 7 the effective
dimer-dimer interactions are attractive. Consequently, the
polaron-molecule transition (after which µd < 0) marks the
appearance of a local minimum in the free energy at " = 0,

+

FIG. 8. Effective interaction between bosons in the effective
Bose-Fermi mixture at 1/kF a ! 1. The boson-boson and boson-
fermion interactions, UBB and UBF , are drawn as a circle and squares,
respectively. The double lines correspond to bosons and the single
lines to fermions.

since u < 0 means that Eq. (29) is unbounded from below
and we must consider higher-order terms in the density |"|2.
The polaron-molecule transition therefore corresponds to the
end of a spinodal line (dashed line in Fig. 7), beyond which
the Fermi liquid appears as a metastable state. According to
QMC calculations [57], the Fermi liquid is finally stabilized at
weaker attraction (closer to unitarity), as illustrated in Fig. 7.
However, we note that it has also been conjectured [19,28]
that the polaron-molecule transition coincides with the onset
of phase separation, which would then require u to change
sign at the transition. Such a scenario appears unlikely given
that the induced interactions between dimers are expected to
be strongly attractive in this regime (see Sec. IV A). A full
description of the phase-separated state requires an analysis
beyond the large imbalance limit of Eq. (29), since the su-
perfluid regions may only be weakly spin polarized or even
unpolarized [18,19].

Before turning to the tricritical point, let us conclude this
section by examining the situation where there is no sharp
single-impurity transition at zero temperature. Such a smooth
crossover is expected to occur in the case of the Bose po-
laron [60], where the impurity is immersed in a Bose-Einstein
condensate rather than a Fermi gas. The absence of a single-
impurity transition implies that there is no symmetry-breaking
continuous transition in a dilute gas of impurities, in contrast
to the superfluid transition discussed above. This makes sense
in the case of the Bose polaron since the statistics of the
impurity is unchanged if it binds a boson from the medium,
and thus the impurity quasiparticle should not fundamentally
change its character. However, this does not preclude the
possibility of a first-order phase transition between states of
the same symmetry but differing densities.

A. Tricritical point at zero temperature

The tricritical point in the spin-imbalanced phase dia-
gram corresponds to the point where the superfluid-normal
phase transition changes from first to second order with in-
creasing 1/kF a. To determine the tricritical point at zero
temperature, we consider the highly polarized limit in the
case of strong attractive interactions where 1/kF a ! 1. In this
limit, we can approximate the gas as a repulsive Bose-Fermi
mixture consisting of bosonic dressed dimers and excess ma-
jority fermions. As argued above, the tricritical point occurs
when the effective boson-boson interaction vanishes. As illus-
trated in Fig. 8, there are two contributions to this effective

023312-9

• Due to polaron-polaron interactions
BEC of dressed molecules is unstable if 
interactions are attractive

• Single-impurity picture fails at transition
• Preempted by phase separation

(consistent with experiment)

THERMODYNAMIC SIGNATURES OF THE … PHYSICAL REVIEW A 103, 023312 (2021)

1/kF a

SuperfluidFermi 
liquid

n!/n"

FIG. 7. Schematic illustration of the zero-temperature phase di-
agram in the highly spin-imbalanced regime. The blue diamond
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transition, resulting in a region of phase separation (shaded area) that
terminates in a tricritical point (orange circle).

phases (see Fig. 7). Such phase separation has also been
observed in cold-atom experiments [58,59].

The first-order transition at positive scattering length
can be understood as arising from interactions between the
dressed impurity quasiparticles. Specifically, it occurs when
there is an effective attraction between the dressed molecules
or dimers. To see this, consider the effective Ginzburg-Landau
free energy for the paired superfluid at zero temperature and
large spin imbalance,

! = #µd |"|2 + u
2
|"|4, (29)

where the order parameter |"|2 corresponds to the density of
$! dressed dimers, while µd is the dimer chemical potential
and u is the strength of the interactions between dressed
dimers. In the limit of a single impurity, one ignores the
quartic interaction term and only considers the behavior of
the quadratic (one-body) term. For µd < 0, the polaron is
favored over the dressed dimer and there is no superfluid phase
(" = 0). Thus, the polaron-molecule transition corresponds to
the point where µd first becomes zero, such that the dressed
dimer energy is equal to the polaron energy.

Beyond the single-impurity limit, the condition µd = 0
in Eq. (29) corresponds to a second-order phase transition
provided we have repulsive dimer-dimer interactions u > 0.
This is the case for strong attraction, 1/kF a % 1, where one
has a superfluid of tightly bound repulsive $! pairs that can
coexist with any excess $ fermions, as depicted in Fig. 7.
For µd > 0, we have a finite density of bosonic pairs given
by n! = µd/u, so the condition µd = 0 describes a second-
order phase boundary at n! = 0 where the superfluid density
smoothly goes to zero. For decreasing 1/kF a along this phase
boundary, the onset of phase separation occurs at a tricritical
point (orange circle in Fig. 7), where the effective interactions
vanish and we have µd = u = 0. We discuss in Sec. IV A how
this point can be understood as arising from the competition
between direct and induced boson-boson interactions in a
Bose-Fermi mixture.

Continuing along the phase boundary at n! = 0, immedi-
ately to the left of the tricritical point in Fig. 7 the effective
dimer-dimer interactions are attractive. Consequently, the
polaron-molecule transition (after which µd < 0) marks the
appearance of a local minimum in the free energy at " = 0,
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FIG. 8. Effective interaction between bosons in the effective
Bose-Fermi mixture at 1/kF a ! 1. The boson-boson and boson-
fermion interactions, UBB and UBF , are drawn as a circle and squares,
respectively. The double lines correspond to bosons and the single
lines to fermions.

since u < 0 means that Eq. (29) is unbounded from below
and we must consider higher-order terms in the density |"|2.
The polaron-molecule transition therefore corresponds to the
end of a spinodal line (dashed line in Fig. 7), beyond which
the Fermi liquid appears as a metastable state. According to
QMC calculations [57], the Fermi liquid is finally stabilized at
weaker attraction (closer to unitarity), as illustrated in Fig. 7.
However, we note that it has also been conjectured [19,28]
that the polaron-molecule transition coincides with the onset
of phase separation, which would then require u to change
sign at the transition. Such a scenario appears unlikely given
that the induced interactions between dimers are expected to
be strongly attractive in this regime (see Sec. IV A). A full
description of the phase-separated state requires an analysis
beyond the large imbalance limit of Eq. (29), since the su-
perfluid regions may only be weakly spin polarized or even
unpolarized [18,19].

Before turning to the tricritical point, let us conclude this
section by examining the situation where there is no sharp
single-impurity transition at zero temperature. Such a smooth
crossover is expected to occur in the case of the Bose po-
laron [60], where the impurity is immersed in a Bose-Einstein
condensate rather than a Fermi gas. The absence of a single-
impurity transition implies that there is no symmetry-breaking
continuous transition in a dilute gas of impurities, in contrast
to the superfluid transition discussed above. This makes sense
in the case of the Bose polaron since the statistics of the
impurity is unchanged if it binds a boson from the medium,
and thus the impurity quasiparticle should not fundamentally
change its character. However, this does not preclude the
possibility of a first-order phase transition between states of
the same symmetry but differing densities.

A. Tricritical point at zero temperature

The tricritical point in the spin-imbalanced phase dia-
gram corresponds to the point where the superfluid-normal
phase transition changes from first to second order with in-
creasing 1/kF a. To determine the tricritical point at zero
temperature, we consider the highly polarized limit in the
case of strong attractive interactions where 1/kF a ! 1. In this
limit, we can approximate the gas as a repulsive Bose-Fermi
mixture consisting of bosonic dressed dimers and excess ma-
jority fermions. As argued above, the tricritical point occurs
when the effective boson-boson interaction vanishes. As illus-
trated in Fig. 8, there are two contributions to this effective
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interaction, corresponding to the direct boson-boson interac-
tion UBB and the induced interaction mediated by the gas of
excess fermions, Uind:

u = UBB + Uind. (30)

The induced interaction is a second-order process in the
boson-fermion interaction UBF , and takes the form

Uind = !(0)U 2
BF , (31)

where !(0) = !mkF /2"2 is the static Lindhard function
of excess fermions in the long-wavelength limit. Note that
whereas the direct interaction is repulsive, the induced inter-
action is attractive.

To proceed, we note that the boson-boson and boson-
fermion interactions are

UBB = 2"add

m
, UBF = 3"aad

m
, (32)

in terms of the dimer-dimer and atom-dimer scattering lengths
add and aad , respectively. Here we have used the fact that the
boson-boson and boson-fermion reduced masses are m and
2m/3, respectively. Setting u = 0 and using Eqs. (30)–(32)
we thus find that the tricritical point occurs when

!
1

kF a

"

tcp
= 9

4"a
a2

ad

add
. (33)

Using the known values add = 0.6a [61] and aad = 1.18a
[55], we obtain (1/kF a)tcp " 1.7. Remarkably, this value co-
incides with the result of QMC calculations [57], contrary to
what was claimed in Ref. [24]. Note that the BCS mean-field
result of (1/kF a)tcp " 1.88 [62] is also quite close to the
QMC result. This is because the upper critical dimension of a
tricritical point is three and thus we expect mean-field theory
to provide a reasonable description.

Equation (30) also enables us to evaluate the effective in-
teraction in general in the regime 1/kF a ! 1 where the highly
polarized system is well described as a Bose-Fermi mixture.
This yields

u = UBB

#
1 ! kF a

(kF a)tcp

$
. (34)

In particular, at the polaron-molecule transition we find that
the effective boson-boson interaction is u # !UBB. Although
this estimate is, strictly speaking, on the border of its regime
of validity, the large negative value of u indicates that it is
unlikely that the onset of phase separation coincides with the
single-impurity transition.

The criterion in Eq. (33) can also be obtained from a
stability analysis of the Bose-Fermi mixture as discussed in
Ref. [19]. Here one considers the energy density [63]:

E = 3
5

(6"2#n)2/3

2m
#n + UBF n$#n + 1

2
UBB n2

$, (35)

where the excess fermion density #n = n% ! n$. The system
will become linearly unstable to phase separation when the
compressibility matrix ceases to be positive definite, i.e., when

$µF

$ (#n)
$µB

$n$
! $µF

$n$

$µB

$ (#n)
, (36)
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FIG. 9. Schematic phase diagram at finite temperature for two
values of 1/kF a near the T = 0 polaron-molecule transition. The
first-order phase transition and accompanying region of phase sep-
aration (shaded area) becomes a continuous transition (dashed line)
between normal and superfluid phases for temperatures above a
tricritical point (orange circle). The dashed vertical lines denote the
unpolarized system n$/n% = 1.

where µF = $E/$ (#n) and µB = $E/$n$. Taking the limit
n$ & 0 then yields Eq. (33).

B. Effective range corrections

Thus far, we have discussed the scenario of a broad Fes-
hbach resonance, where the two-body physics is determined
by a single parameter, the s-wave scattering length a. It is
interesting to consider what happens in the case of a narrow
Feshbach resonance [64]. There, the momentum-dependent
two-body scattering phase shift is instead determined by
k cot # = !1/a ! R'k2, where the additional range parame-
ter R' is inversely proportional to the resonance width [65]
and we have kF R' ! 1. Variational calculations [66] have
shown that the polaron-molecule transition occurs at 1/kF a "
!kF R'/2 for kF R' ( 1; i.e., it moves to small negative scat-
tering lengths. On the other hand, the tricritical point can still
be obtained from Eq. (33): Using the asymptotic expressions
aad " 4a/3 and add " a

)
a/R'/2 valid when R' ( a [67],

we find that (1/kF a)tcp " (8/" )2kF R'; i.e., the tricritical point
moves instead to small positive scattering lengths. Therefore,
for a narrow Feshbach resonance, we expect the unitarity
regime of the phase diagram to be dominated by phase
separation.

C. Effect of finite temperature

We now turn to the effect of temperature on the spin-
imbalanced phase diagram and how this is related to the
finite-temperature behavior of the Fermi polaron. Theoreti-
cally, it has been shown that there is a line of tricritical points
at finite temperature that terminates at the zero-temperature
tricritical point in Fig. 7 [62]. Each of these tricritical points
marks the point where a second-order transition between
superfluid and normal phases becomes first order, resulting
in a dome of phase separation, as shown in Fig. 9. This
finite-temperature phase diagram has also been confirmed ex-
perimentally at unitarity [68,69].
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