
Material for the Varenna Summer School
lectures

Päivi Törmä
Aalto University

23.7.2022

International School of Physics "Enrico
Fermi" Course 211 - Quantum Mixtures with Ultra-cold Atoms



My summer school memories

Les Houches 1999



Review: Leykam, Andreanov, Flach,
Advances in Physics 2018



quantum metric



The Cooper problem: two particles



Why can there be transport in a flat band?

non-localized
Brouder, Panati, Calandra, Marzari, PRL 2007



Example: the Lieb lattice

At worst,                        can give an incorrectly nonzero superfluid weight.

When the orbitals are at high-symmetry positions, the
quantum metric is guaranteed to be minimal



Superfluidity and quantum geometry

Peotta, PT, Nat Comm 2015
Julku, Peotta, Vanhala, Kim, PT, PRL 2016
Tovmasyan, Peotta, PT, Huber, PRB 2016
Liang, Vanhala, Peotta, Siro, Harju, PT, PRB 2017
Liang, Peotta, Harju, PT, PRB 2017
Tovmasyan, Peotta, Liang, PT, Huber, PRB 2018
PT, Liang, Peotta, PRB(R) 2018
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Experimental observations
of the quantum metric

Observation of BZ-integrated quantum metric
with ultracold gases
Asteria, Tran, Ozawa, Tarnowski, Rem, Fläschner,
Sengstock, Goldman, Weitenberg, Nat. Phys. 2019

Observation of the quantum metric in a continuum polariton system
Gianfrate, Bleu, Dominici, Ardizzone, De Giorgi, Ballarini, West,
Pfeiffer, Solnyshkov, Sanvitto, Malpuech, Nature 2019

Observation of the quantum metric in a solid state
spin system
Yu, Yang, Gong, Cao, Lu, Liu, Plenio, Jelezko,
Ozawa, Goldman, Zhang, Cai,
National Science Review 2020



Revisiting flat band superconductivity: dependence on
minimal quantum metric and band touchings

Huhtinen, Herzog-Arbeitsman, Chew, Bernevig, PT, PRB Editor’s Suggestion
arXiv:2203:11133 (2022)

Kukka-Emilia Huhtinen Jonah Herzog-Arbeitman Aaron Chew Andrei Bernevig



Band touchings increase
the critical temperature

For correct formulas on superconductivity and quantum geometry, use
Huhtinen, Herzog-Arbeitsman, Chew, Bernevig, PT, arXiv:2203:11133 (2022)



Twisted bilayer graphene (TBG) superconductivity
and quantum metric

For APS Physics news, google Geometry resques superconductivity
Julku, Peltonen, Liang, Heikkilä, PT, PRB(R) (2020); Editors’ Suggestion

Aleksi Julku Teemu Peltonen Long Liang Tero Heikkilä



Twisted Bilayer Graphene (TBG) superconductivity since 2018
Reviews: L. Balents, C. Dean, D. Efetov, A. Young, Nat Phys 2020
E. Andrei, D. Efetov, P. Jarillo-Herrero, A. MacDonald, K. Mak, T. Senthil, E.Tutuc,
A. Yazdani, A. Young, Nat Rev Mater 2021

Figure credits see Fig.1 in PT, Peotta, Bernevig, Nat Rev Phys 2022





Non-interacting bands



Non-interacting bands



Fermi-Hubbard lattice model with TBG geometry:

Two distinct pairing schemes:

Local pairing:

Non-local nearest neighbour
(singlet) pairing:

annihilates a fermion in the ith lattice site with spin σ = {↑, ↓}

J< 0 is attractive
interaction strength



Geometric contribution in TBG

Non-local (RVB) interaction Local (s-wave) interaction

Confirmed by (only s-wave): Hu, Hyart, Pikulin, Rossi, PRL (2019)
Julku, Peltonen, Liang, Heikkilä, PT, PRB(R) (2020); Editors’ Suggestion



Review

J. Zhang group

Superconductivity, superfluidity and quantum geometry in twisted
multilayer systems
PT, S. Peotta, B.A. Bernevig,
Nat. Rev. Phys. (2022)



How to experimentally confirm geometric
origin of flat band superconductivity?

Linear dependence on U
of critical temperature, pairing gap, superfluid density, etc.

Tunability of interactions (U) crucial: ultracold gases!



Flat band transport and Josephson effect through
a saw-tooth lattice

Pyykkönen, Peotta, Fabritius, Mohan, Esslinger, PT, PRB (2021)

Ville Pyykkönen Sebastiano Peotta Philipp Fabritius Jeffrey Mohan Tilman Esslinger



Possible experiment: Lithium lab, ETH Zürich

Cigar-shaped cloud of Lithium 6 (fermion)

Temperature 60-70 nK

DMD Potential

Pyykkönen et al. Flat band transport and Josephson
effect through a finite-size sawtooth lattice
arXiv: 2101.04460

gate

Mean-field
fixed

Mean-field
fixed

Mean-field
self-consistent

Two-terminal setup
Superconducting Superconducting



Results: Non-interacting transport

Dispersive band
state

Edge state

Pyykkönen et al. Flat band transport and Josephson
effect through a finite-size sawtooth lattice
arXiv: 2101.04460



Results: Interacting transport

Flat band current finite and linear in U but small

Flat band states

Dispersive band
states

Edge states



Effect of boundary potential

Resonance, flat band and edge states
degenerate

Edge states

Flat band states

Degeneracy between
flat band and edge
states increases the flat
band current!

Problem: small flat band current
Hypothesis: caused by loss of
degeneracy
Solution: boundary potential



How to experimentally confirm geometric
origin of flat band superconductivity?

Linear dependence on U
of critical temperature, pairing gap, superfluid density, etc.

Tunability of interactions (U) crucial: ultracold gases!

But what about temperature…
Interesting effects visible already in the normal state!



Preformed pairs in a flat band
Tovmasyan, Peotta, Liang, PT, Huber, PRB 2018

What are the charge carriers in the normal state of a flat band superconductor?
We find: only pairs move (Pi-periodic ground state); non Landau-Fermi liquid.

Aharonov-Bohm effect in a ring
geometry



Insulator – pseudogap crossover in the Lieb lattice
normal state

KE Huhtinen, PT, PRB(L) (2021)

Kukka-Emilia Huhtinen



Dynamical Mean Field Theory (DMFT) to capture quantum effects
beyond mean-field

Single site DMFT

Cellular/cluster DMFT; Non-local correlations



Hubbard model on the Lieb lattice

Attractive Hubbard model

Flat band states reside at       and       sites

DMFT cluster: A, B and C

FOCUS ON THE NORMAL STATE ABOVE SUPERCONDUCTIVITY



Large (U>t) interactions: pseudogap
Generalized spin susceptibility:

Local contribution to spin susceptibility
decreases sharply with temperature at
sites.

At low temperatures,                                               ,
where         is the orbital-resolved spectral function.

As interaction is increased, the spectral
function becomes depleted around half-filling.



Low interaction (U<t): insulator

In DMFT,                      , where
is the bare mass and          is the
effective mass.

The self-energy diverges at low
frequencies when the interaction
strength is decreased.

The temperature dependence is
rather than           found for

Mott insulator.



Flat band interacting normal state; Lieb lattice
- Non-Fermi liquid features in double occupancy

and entropy
- SU(N) scaling relation

P Kumar, S Peotta, Y Takasu, Y Takahashi, PT, PRB(L) 2021
Pramod Kumar Sebastiano Peotta Yosuke Takasu Yoshiro Takahashi



Double occupancy and Fermi-liquid

Hubbard model on Bethe lattice
Werner, Parcollet, Georges, Hassan
PRL 95, 056401 (2005)

Entropy of Fermi-liquid

Maxwell’s relation

Mott



Normal state properties

Non-Fermi liquid behavior
for small interactions
at the flat band

average double occupancy

Lieb lattice: repulsive Hubbard model

half-filling: flat band significant

lowest band filled



3
6

Scaling relation is consistent
with DMFT for moderate
interaction strength

Scaling relation
(Mean-Field theory)

Multi-component SU(N) fermions in a Lieb lattice



Flat band BEC & quantum geometry

Kagome lattice:

Aleksi Julku Georg Bruun
Julku, Bruun, PT, PRL 2021, PRB 2021



Flat band BEC & quantum geometry

Kagome lattice:

Quantum metric dictates the speed
of sound

Aleksi Julku Georg Bruun
Julku, Bruun, PT, PRL 2021, PRB 2021



Flat band BEC & quantum geometry

- Excitations do not cost energy? Can BEC stable?

Excitation density can be finite in the
non-interacting limit...

Answer: Yes it can, finite quantum distance between Bloch
states sets the limit for excitation density -> stable BEC

...in contrast to dispersive band BEC

Interaction effects prominent even in the limit of
vanishing interactions



Summary
Quantum geometry governs
- flat band superfluidity
- normal state properties
- BEC excitations

Outlook
Towards room temperature superconductivity

Flat bands in ultracold gases; tunable interactions,
quantum fluctuations


