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Outline of lectures:

Lecture |
Pedagogical introduction + warm-up exercise

Lecture ll
3v osc. in vacuum and matter: notation and basic math

Lecture Il
2v approximations of phenomenological interest

Lecture IV
Back to 3v oscillations: Status and Perspectives




The “standard” 3v oscillation framework

Physics facts and mass notation:

* There are three mass states v,, vy, v3 with masses m4, m,, m;

* Neutrino oscillations probe the differences AE Amizj

* There are only two independent Ami2- , say, dm? and Am?

» Experimentally, very different scales: 5m2/Am2 ~ 1/30
Difficult to observe both! Current expts sensitive to a dominant one.




The “standard” 3v oscillation framework

Physics facts and mass notation:

* There are three mass states v,, vy, v3 with masses m4, m,, m;

* Neutrino oscillations probe the differences AE Amizj

2

&, say, om? and Am?

* There are only two independent Am

» Experimentally, very different scales: 5m2/Am2 ~ 1/30
Difficult to observe both! Current expts sensitive to a dominant one.

— 2
5m2 ~ 7.5 x 10 . eV* & “small” or “solar” splitting

Am2 ~ 2.9 X 10_3 eV2 < “large” or “atmospheric” splitting

|

(somewhat obsolete terms)



A

0?

Two possible mass orderings
| |
|

|
| |
normal, NO inverted, 10

Absolute mass scale still unknown, but
upper limits exist: m < 0(0.1-1) eV



PDG convention for 3v masses:

(vq,v5) = “close” states, with m,>m, always
vz = “lone” state, with mz>m, , in NO (m3z<m, ,in |0O)

V3 m— meessss—— V2
E——

Vo mS—
V1_ _\,3

Our notation for splittings: Define as independent ones

fm? =m3 —m? >0

Am? = 2(Am3, + Am3,) >0 NO
<0 10




PDG convention for 3v mixing:

Three Euler rotations, one being complex

— 1. a=e, T

Vo = Uqiv; i=1. 92 3
1 0 0 C13 0 s13¢7" ci2  S12 0
U=[0 s s 0 1 0 —s12 c1a 0
0 —S8923 (23 —81367’5 0 C13 0 0 1

This rotation ordering happens to be particularly useful for phenomenologically interesting limits

_-'(5
Ueg Ueg Ues C12C13 812C13 s13e 'CP
10 10 1
Ua Uuw Ui | = | —812c03 — €12823813€°CP  ¢19Co3 — 812893 813€"CP $93C13
Un Uz Us 812893 — C12C23813€"9CP  —C19893 — 812C23813€CP  cp3c13

UUT =1

U—->U”" forv

Ci; — COS Qij

Sij — sin (91']'
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Phase: 0 = 0cp

“Dirac” phase. Governs possible CP violation in oscillations

If v are Majorana: two additional (relative) “Majorana” phases ¢,;, ¢3;

U s UUM : UM — dlag[l, ¢217¢31]

The Majorana phases are probed in Ov[33 decay, but not in oscillations.




Phase: 0 = 0., = “Dirac” phase. Governs possible CP violation in oscillations

If v are Majorana: two additional (relative) “Majorana” phases ¢,;, ¢3;

U s UUM : UM — dlag[1, ¢217¢31]

The Majorana phases are probed in Ov[33 decay, but not in oscillations.

/ Proof: The flavor evolution operator (Lecture |) reads \
° R ) 2
and is unaffected by U-> UU,,

St — UUnSm(UUN)t = U(USUL)UT = US,, Ut = S

\ In general, standard 3v oscillations do not distinguish Dirac/Majorana v /
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3v can explain o. 2 B oscillations seen in vacuum and matter...

e2>e (KamLAND, KL) u->u (Atmospheric)
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...with dominant parameters (Lecture Ill):
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om?2 ~7x 107 eV?
IAm2|  ~2x103eV2
sin2912 ~0.3
sin2623 ~0.5
sin2913 ~0.02

< “small” splitting

< “large” splitting

< “large” 12 mixing

< “nearly maximal” 23 mixing
< “small” 13 mixing

We shall now deal with

3v flavor evolution

in vacuum and in matter
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om?2 ~7x 107 eV?
IAm2|  ~2x103eV2
sin2912 ~0.3
sin2623 ~0.5
sin2913 ~0.02

The presence of two small dimensionless parameters,
dm2/ Am? ~ 3 x 102
sin20,3 ~2x1072
will allow useful 3v—>2v approximations and simplify
the understanding of phenomenology (next Lecture)

We shall now deal with

3v flavor evolution

in vacuum and in matter
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Three-neutrino flavor evolution: CP, T symmetries (intuitive approach)

C = charge conjugation (particle-antiparticle exchange)
P = parity (space reversal)

T = time reversal

Action of CP and T on v,V oscillations from source S to detector D:

Vo VB vB _Ot VB _a
® > CP < ® T e >
S D D S S D

(CP violation: one of the Sakharov conditions to generate matter-antimatter asymmetry in the Universe)

14



Three-neutrino flavor evolution: CP, T symmetries (intuitive approach)

C = charge conjugation (particle-antiparticle exchange)
P = parity (space reversal)

T = time reversal

Action of CP and T on v,V oscillations from source S to detector D:

Vo Vg vﬁ _Ot VB _a

® > CP < ® T ® >

S D D S S D
If CP invariance holds, then P(v, — vg) = P(Uy — g) <= W& 7D)

P(v, — vg) = Plvg — v,
If T invariance holds, then {P((Va R Vi)) _ PEVZ N Va)) < (a+p)

If CPT invariance holds, then P(v, — v3) = P(Ug — Uy)

15



From Lecture I:

A Z(X,_I_ Zﬁ ‘
Amplitude N L L WV l
V(X
Source Detector
\
| ?]
= Zl Amplitude __V_V__ b — > __Vy__
Uoci Vi Vi UBi
Source Detector )
4 forvov N
0= > 6,7
U->U"
\__ 16




From Lecture I:

_I_
Amplitude __V_V__ Y N
V(X
Source Detector
\.
r B
_I_ —
= Zl Amplitude __V_V__ - . > __Vy__
Usi v vi U
Source Detector
. S
4 Also, swapping N 4 forv->v )
initial/final flavors + _
is equivalent to bw > b7
U->uU" U->U"
\__ J \_ 17




(v—=>v)U—=U"
(< pB)=U—U"

If CP invariance holds, then P(v, — vg) = P(Uy — U3)

o P(vy, = vg) = P(vg — vy)
If T invariance holds, then {P(z/a _ DB) _ P(DB _ Doz)

If CPT invariance holds, then P(v, — vg) = P(Ug — Uy)

CP and T invariance hold iff U real (sin 0 = 0)
CPT invariance holds for any U (as it should)

18




General 3v oscillations in vacuum

The oscillation probability in vacuum can be written as:

Z&ﬂ@ a: [&ﬂ@2aj
2 i
a5—5a5—4g Re J Bsm ( >—2§ Im J Bsm< T )

1<J 1<J

where:

2 _ 2 2
Amij—mi —m;

Ty = Uy U U Us,

(8%

This formula applyes to any flavor a and p:

a # [} = appearance channel, appearance probability
a = [ 2 disappearance channel, survival probability

Despite its simplicity, it contains a lot of physics...

19




CP properties:

Z&ﬂ@ a: [&ﬂ@2aj
Pap = 0ap E Re J B sin ( > g m.J B sin ( 5 )

1<J 1<j
N NG J
Y Y
CP-conserving part P CP-violating part PCPV
not changing for U< U* changes sign for U< U*
Re lm

. JY =U,,UUL U,

For a = (3 : Im(JwB) = 0 - CP violation must be probed in appearance, a#p

(87

20




J = Jarlskog invariant

Using the previous PDG convention for the mixing matrix, it’s easy to find that:

1
J = Im(Jeli) =3 sin 2619 sin 26053 sin 26043 cos 013 sin 0

Then, using the unitarity of U, for o # B it is:

- +J for (a, B) = (e, u), (1, 7), (7, €) < flavor cyclic
Im(J7,) =< +J for (¢, 7) =(1,2), (2,3), (3,1) < generation cyclic
—J otherwise

Note that J changes sign from neutrinos to antineutrinos in the same channel

EPS Prize 2023 to Cecilia Jarlskog:
for the discovery of an invariant measure of CP violation in both quark and lepton sectors
EPS Prize 2023 also to ... wait for a few more slides!

21




PCPVin product form

Using J, the term P®?Y can be written as

PLyY = +8Jsin (

2
Am3isx

1K

o

2
Amssx

1K

o

1K

Am%lx)
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Summary of conditions to have CP violation

1
J = Im(ng) =3 sin 2615 sin 2653 sin 2613 cos 013 sin 0

PCEV — +8.J sin (Am%ﬂ:) sin (Am%yz:) sin (Am%laz)

AE AE AE
<

07 0,m & U must be complex, sind#0
a# B & Need appearance experiments
0;5 # 0 & All mixing angles should be #0
Ami; #0 & Need some sensitivity to both dm? and Am?

CP-violating oscillations involve all the mass-mixing parameters
(genuine 3v phenomenon, experimentally challenging!)

23




Summary of conditions to have CP violation

J = Im(Jéﬁ) =3 sin 2615 sin 2653 sin 2613 cos 013 sin §

piin

2012: 0,5 is nonzero!

2023 EPS High Energy and Particle Physics Prize is awarded to

Cecilia Jarlskog for the discovery of an invariant measure of CP violation in both quark and lepton
sectors; and to the

Daya Bay and RENO collaborations for the observation of short-baseline reactor electron-antineutrino
disappearance, providing the first determination of the neutrino mixing angle 613, which paves the way for
the detection of CP violation in the lepton sector.

At present: only hints of /leptonic CPV... (Lecture IV)

24




In principle, .. All the oscill. parameters + CP phase + NO/IO might be determined
by precise measurements of P for selected channels and L/E:

Am2.x . Am?2.r
_ (] L (% B (%]
Py = 0ap 45 Rejﬁsm ( s > 2 g‘ImJaB&n( T )

1<J

25




In principle, .. All the oscill. parameters + CP phase + NO/IO might be determined
by precise measurements of P for selected channels and L/E:

S Am?-x L Am%m
Pop = 0ap — 4 Z Re J/; sin” 4—Ej — 2 Z Im J 5 sin Z—EJ
1<j 1<J

In practice We never measure P,g but event rates R, and do it only
for experimentally feasible oscillation channels and L/E:

Rg~ | P, QP ®0osQep

Observable Source flux Propagation Interaction
event rate (production)  (flavor change) and detection

- each ingredient of R is a research field of its own
- need to account for a vast v phenomenology
- must consider realistic propagation, e.g., in matter .




Three-neutrino flavor evolution in matter (intuitive approach)

\Y e

Sets the energy scale

Ge=1.166x 105 GeV2 > V(1/Gy)~O(few 10?) GeV

of weak interactions
n P

Amplitude squared = Neutrino cross section & G2

27



Three-neutrino flavor evolution in matter (intuitive approach)

\Y e

Sets the energy scale

Gr=1.166x10°GeV2 > V(1/G)Offew 10?) GeV

of weak interactions
n P

Amplitude squared = Neutrino cross section & G2

During propagation, absorption processes o< G;? are negligible, except at
very high energy. E.g., Earth starts to be opaque to v for E > O (10) TeV.

But: Are also scattering amplitudes o« G; irrelevant for v flavor evolution?
Not necessarily, if the process occurs along the direction of propagation!

28



It was first realized by Wolfenstein, and later elaborated by Mykheev

and Smirnov (MSW), that neutrinos travelling in a fermion background
receive a contribution to coherent forward scattering (i.e., along the same
direction of propagation) in the form of a tiny interaction energy Vg

3v Hamiltonian in matter:

vacuum (kinematics) matter (dynamics)
A A
[ N/ A
2
1 my Vee Ve,u VeT
2k 2 V., V.
m3 VTe T TT
> e >
free + ;" “: interaction
streaming '-\ 'i amplitude

) %

background matter

29




/- Ve Ve \
i 0 0
7
p,Nn, e VH V“
0 iz 0
W
p,Nn, e Vi Vg
i 7
0 0 '
D
p.ne )

proportional to unity
- unobservable

NC

Ve
N0 0
5
0 0 O
0O 0 0

observable in
v-related oscill.
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proportional to unity
—> unobservable
Relevant term is the extra “ee” energy (v potential) V.. < G;

[No w1, Tin ordinary matter = no “uu” or “tv” CC term]
Potential proportional to e~ number density Vo & N,

NC

Ve
N0 0
é»fé
0 0 0
0 0 0

observable in

v.-related oscill.
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proportional to unity
— unobservable

Relevant term is the extra “ee” energy (v potential) V.. < G;

NC

Ve
/0 0
éafé
0 0 0
0 0 0

observable in

v.-related oscill.

Potential proportional to e~ number density Vo & N,

Full calculation (omitted): V (= VCC) = \/2 GF Ne

32



As anticipated in Lecture I:

Analogy of matter effects with double-slit experiment:
one “arm” (e-flavor) feels a different “refraction index”
through coherent forward scattering (not absorption!)

V;

e
N

Ve —NC-CC— Vg

A(phase factor) = exp (—iV(z)Az)

Vl/l/pT_NC >Vu)7

N

e

Vj

Governed by a tiny v “interaction energy” or “potential” V
In general, V=V(x) via N.=N.(x)=> x-dependent hamiltonian.

Not necessarily periodic effects: oscillations = transitions

33



3v MSW hamiltonian in matter:

— o -

1 my A(x)
Hi(z) = — |U m3 U’ + 0

where A=2EV is introduced to make the vacuum and matter terms more similar:

A(x) =2EV = 2\/§GFN6($)E [—A(x) for anti-V]

Huge literature on solutions for various A(x). In general:

Expect sizeable matter effects when the two terms in H are comparable,

A A

dm? ~O() o Am?

~ O(1)

34




Units for matter effects

N, E 2
— =1.526 x 1077 . ev2
Am” mol/cm MeV Amw

4 Note: N. is the number of electrons per unit volume. If the chemical composition A
is known (say, the average Z/A), one can connect N, and the matter density p:
Ne <Z > p
37\ 4 3
mol /cm A/ g/cm
t
\_ electron fraction Y, ~ 1/2 )

Order-of-magnitude expectations >

35



Solar neutrinos

Solar density profile Solar neutrino spectrum

13
(Data Source: http://www.sns ias.edu/jnb/SNdata/Export /BP2004/bp2004stdmodel. dat) 1070
T T T T T T T T T 1Ovzi Serenelli et al. 2011
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Solar matter density p [g/cma]

O Lsind i wid s i sincd i il iid sl

= Standard Solar Model BP2004 ".‘ 10° r
J. N. Bahcall and M. H. Pinsonneault % 10°F
103 F Phys. Rev. Lett. 92 (2004) 121301 Y 3 |
= Liquid water =.r 10? r |
4 h 10'L 1 |
10 L L L L L L L L \ o 0.2
00 01 02 03 04 05 06 07 08 09 10

Relative radius r = R/ R,

ASun(O)
dm?

AEarth
dm?

~ 0(1) just in the middle of the E spectrum...

~ O(few x 1072) at E~ O (10) MeV....

Large effects in solar matter; subleading day-night effects in Earth
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Inner Core

K

Quter Core
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m

Subleading matter effects in long-baseline accelerator neutrinos
Depend on sign of numerator vs denominator: handle on NO/IO



Supernova neutrino density profile(s)

1010
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Supernova neutrino density profile(s)

10 ! ]
107E W15
C L15
_ 10 N20 J
ng - B15 .
S 10°F .
Q - _
0 .
- Janka et al. ]

107 108 10° 10" 10" 10" 10"

Radius [cm)]

The most dynamical (radius- and time-dependent) matter background:
Ne=N(x,t)

Moreover, for a few seconds, neutrinos are a background to themselves!
N, ~ O(Ne)
- “Self-interaction” effects, “collective” highly-nonlinear flavor evolution
H=H(v) = density matrix formalism
Physics & math to be (better) understood: a research topic in its own!
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3v MSW hamiltonian in matter:

L A(z)
Hi(z)= — |U m3 Ut + 0

Huge related literature on numerical and (semi)analytical solutions at given A(x)

Oscillating behavior makes numerical solutions prone to error accumulation:
brute-force application of Runge-Kutta codes may fail [published examples...]
(Semi)Analytical solutions/approximations useful whenever A(x) is “simple”

We shall consider the two simplest cases of phenomenological interest:

A(x) = constant [dA/dx = 0] < constant density case
A(x) = slowly varying [dA/dx = “small”] < adiabatic case

40



Effective parameters. Ingeneral, H;(x) can be diagonalized at each point x:

| i mi A(x) |
Hilz) = — |U m2 Ut + 0
/ 2F ? 2
i m3 0/ ]
AL O y
m3(z)
where
ve | | )
v, | =U(z) | vaz)
 VUr i 53(33) i
...mixing ..mass ..squared i\ matter

“effective...” .
matrix states masses...




A = constant: diagonalize only once (at any energy E) and exponentiate

Get the same probability functions as in vacuum, but with “effective”
energy-dependent mass-mixing oscillation parameters in matter.
Relevant application: matter effects in LBL accelerator experiments

42



A = constant: diagonalize only once (at any energy E) and exponentiate
Q —iHx
Sp=e 1
Get the same probability functions as in vacuum, but with “effective”

energy-dependent mass-mixing oscillation parameters in matter.
Relevant application: matter effects in LBL accelerator experiments

5-0rvo ' - .
;) =3 g/ce /
~ 2.5 G
Examples of effective m?;
for Earth crust density =
as functions of energy E = 0.0
- A\
[Here, formally E<O for —2.5¢ A;
anti-nu, since A > —A] From 1907.02534 —i A
R ~10 0 10 20

E [GeV] .



A(x) slowly varying: diagonalize step by step, and patch the solutions

i.e., the effective mass states in matter evolve independently.
The adiabaticity condition can be formulated precisely (omitted).
Applicable, e.g., in stars with smoothly decreasing density...

< decreasing A

v
/

<]\
BN

.... for the oscillation parameters chosen by Nature!
Relevant applications: (1) matter effects for solar neutrinos
(2) for SN neutrinos, up to shock-wave and collective effects
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/A(x) rapidly varying: “crossing” probability between effective states\

[In QM: “tunnelling” between E eigenstates subject to rapid externals field variations]

Pc:P(Vi%Vj) Pe o
For a 2-level QM system:
Solved independently by

Majorana, Landau, Zener,
Stueckelberg in 1932 ‘ % |
(at leading order) — X

This would have happened to solar neutrinos at very small mixing!
[so-called Small Mixing Angle MISW solution, a prejudice for many years...]

Relevant applications: (1) steps in Earth density profile
(2) Shock-wave front in SN neutrinos (discussion omitted)

Similar effects (re)analyzed independently in many subfields of physics but

\ with different “jargon” — e.g. recently in gbit manipulations across QM levels /
45




Recap

3v oscillations in vacuum (may be CP violating):

Am? IL Am? X
5—5a5—4ZReJﬁsm < >—QZImJBS1n< 2E )

1<J 1<J

Vacuum oscillation effects expected to be significant when:

om?2L Am?2L

i oW o AE

~ O(1)
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Recap

3v oscillations in vacuum (may be CP violating):

Am IL Am?2.x
P,s=0,5—-4) RelJ 2 —23 1 Y
3 3 Z e Bsm ( > Z m J Bsm( 5 )

1<J 1<J

Vacuum oscillation effects expected to be significant when:

om?2L Am?2L

i oW o AE

~ O(1)

P, in matter (constant or slowly changing): vacuum param. - effective param.

Matter effects expected to be significant when:

A A

W ~Y O( ) or Am2

~ O(1)
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End of Lecture li

Solutions to exercises: extra slides =2
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Exeruse: Gemennl 3y osallabious m vacuum

e Flovor exoluhom operator : Sf UsmU

1 i Ix _if 2
where Sm = da‘aa(e:'%‘sx, e W_%e;_) e 'qn’bt:
T ma 1mAd g
. .msethﬂ imaacey Po( = Z-Uoz. Ugu € '§°'°""tj “'PG(Q:/M)

e Flavor oscllahen ?mba\oilﬁb is obhuimd ay P=|s)|? Jox reongaum+mg Torms :

Plaryy= lsul®
= l Z. Uoﬁufi Q—I%XP

. 3
- ZLJO(‘UP. Ua(J PJ 1.ix +1 ,-J-x
d A W mz‘
= |Z Uds! UP\ U‘J UFJ (Q, - 444)
J
¢ _—j-———x
5 ZU; Ui Upi UyjUgs (€° Tz “-4) = |ZJ Uit Ui Us; Up;

- >
cont'd
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( |2<_'J %)Ud‘ UP' U‘J UP) (e 2€ l) + ZU,(, Up. ZU‘,J UPJ

= Z UG UGUR (€75 1) + Z U*'UP' LEUg (€1 5e1) + g oo
|>d

= Z (ugu P‘U‘JUPJ+ u.(.uP. u.(Ju”) [Cos(rm ) )_n]

l>)

+Z. (UN Upi Ud) UPJ U.(.UP, U.(} UP)) [L sm(‘m 7 'x)] + gd?

I>J

= SdP tZ)_JQRQ(Ud‘UP‘ U“)UPJ [cns(’m ) ] %QIm(U.uUPn Ua(JUH)Sm (m\ -ml. )

. T % L N - -
- dip-4Z, Re (Ul Upi U Upy ) sin” (T2 x ) = 2 T (Ui LUy Jsin ("u%i,}
L"J 5&?-42 RQ J’ \‘ S\vﬂ—(AW\l Q%Im Jdls Sih (AM'JK>

AWHJ m\l J

where {
34 Ui Ogt U«,U@
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Exerase: J = Jarlskoq mvariomt

s ,_DQ*-"V\Q J= Im (39;,:'
o For amy o({f;’-‘f' burns out Huod IW(JK%)=¢J’ B {+J (¢,p) cyclic. over (o, u0)

+3 (i) o (443)
% oA 5o

o Twis cam be checked L:.) ivufqd-fou 0{- cases. For inchmca :
o lot's work our Jé% 0
T (Fet ) = Im( Ue Ug, Uez Uxa)
= M(Uelu& (—- UEUQQ—U/M*:U/M-‘)> é-‘“g;'m LJ[J+9l
= IMA(-UQU:;U/:.U/,u) T -~ Im(Jg;) ==J . ('S\'wv:l\d‘d {*’f oHan (“IP))
o Nok Mok T (T )= +T = (DN T s boka (et) aud (Qf)wu AMH%CJJL.
L OIAQ COM O\[&O WU‘R . IlM (Jd’JPD = J' %edef %ij
where € i Ha &ohﬂj M«Hﬁw‘u’c Tounson of vaumk 3.
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Exerase : PV in ?mclacl--fbrm

o To Trausform a dwwm imho o ?bdud‘, we use Ha {o’lnm\\j iola,uh'll.j :
1{. XYt = O, Ruu sin2x+ sin?ﬁ-vs{n 2% = —4Sinx;iu5sm=z- (‘f“"" ludwmiy)

e The \dﬂM\\b 18 OJPP\\QJJ bo AW@Q+AW|?23+A|M§|=

o DM (iaVp)= =2 Z Tu Tuh Sin (8)

l()
ol (s e gl) o]
=-2 1»»\3:; Lsiu (AV“Z' ") + sin (%x)-sin (4.‘1"1’1‘31\— =+ 5in (ﬁ'%})

=+ 8 L J(‘Pl S (A‘M"" ) Sm A""zs")g,n Am.x)
4

=wmﬁﬁg%%m
)
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Exercise : Use{-ul wwibs «fm‘ matter effects

o Remember Hualk : % 4 mol = Na parhides = 6.022 x10™ barhcles

A MeN-4wm = 5.0677 x\0t12
GrF = 11664 x1075G ™ = A.466a x 107" Ma™t

o 40 o Conkl0S (Wﬁ) 602 x0 MY 0% < 10% s 4 g0 x10 Ok
Cm l0™Com (m-MeV)? (5.0677x10'%)° |

. Q_@.Cx___ sz(ueeqmo"w?)(Nm w,l/am (e MXAWJ aﬂ)

Aml(j AW 'J mol/oun®

= N oMl ol Ne ) N )
= 3.999x]0 ol L (w/w (W (aw

_ “ ‘0 9 3 NQ ( )
=3.299x 10 o x 4.627x10 2 Mw BTG A\M,)

= 4.526 107" (/WVO“‘”><W AM,J>
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Exerase : Adriabahc envolubon

vor bo&is ame cam wuke always -

t '
1 it [ wo OH-oln'ajwl funs
)% ”"v’%@)\l’; B o e b

Har ?’; eArolve IWWE

Bld) w50 (1)
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