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Outline of lectures:

Lecture I 
Pedagogical introduction + warm-up exercise

Lecture II
3n osc. in vacuum and matter: notation and basic math 

Lecture III
2n approximations of  phenomenological interest 

Lecture IV
Back to 3n oscillations: Status and Perspectives



Recap:
3n status

+Dm2

dm2m2
n

n2
n1

n3

n3

-Dm2

e µ t

dm2 ~ 7 x 10-5 eV2

|Dm2| ~ 2 x 10-3 eV2

sin2q12 ~ 0.3 
sin2q23 ~ 0.5
sin2q13 ~ 0.02

d CPV Dirac phase
sign(Dm2) à NO/IO 
q23 octant degeneracy
absolute mass scale
Dirac/Majorana nature

5 knowns: 5 unknowns:

Normal Ordering (NO) Inverted Ordering (IO)
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Oscillations

Non-oscillat.

Each known parameter probed by at least two different kinds of experiments!



ne = cosq12 n1 + sinq12 n2

ne = cosq13 (cosq12 n1 + sinq12 n2) +e±id sinq13 n3

For two neutrinos, no CPV:

For three neutrinos: new possible CPV phase d, tested via n versus n
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How do nµàne oscillation searches probe CPV?

CPV is a genuine 3n effect à
all oscillation parameters (known & unknown) are involved/entangled

__

(___)

(___)



How do oscillation searches probe mass ordering?

dm2

dm2

+Dm2 -Dm2

Observe interference effects of  oscill. driven by ±Dm2 with 

oscill. driven by another quantity Q with known sign.  Options:

Q ~  dm2 medium-baseline reactors à JUNO 

Q ~  GF Ne E n-matter effects à atm & LBL accel. expt.

[ Q ~  GF Nn E n-n collective effects à core-collapse SN  ]

(IO)(NO)
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Additional tool: synergy of |Dm2| data from different experiments, 
e.g. two or more data from reactor + accelerator + atmospheric 
(should converge better in the true ordering than in the wrong one)
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Useful analysis sequence:

LBL Accel + Solar + KL (KamLAND)
minimal set sensitive to all osc. param. dm2, Dm2, q13, q23, q12, d, NO/IO

LBL Accel + Solar + KL + SBL Reactor
add sensitivity to Dm2, q13 and affect other parameters via correlations

LBL Accel + Solar + KL + SBL Reactor + Atmosph.
add sensitivity to Dm2, q23, d, NO/IO (but: entangled information in atmos.)

Dc2 statistics adopted for all datasets: Ns = √Dc2 à

à It makes sense to perform global analyses of all neutrino oscillation data,
to squeeze information on subleading 3n effects and to exploit correlations
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Ns

Parameter value
0

1

4

3

2

In the following: results from the 2021 global data analysis:
“Unfinished fabric of  the three neutrino paradigm”, Capozzi et al.,  hep-ph 2107.00532

(similar results from NuFit and Valencia groups in 2021)

+ educated guesses about the impact of  sparse data presented in 2022-2023
à need to be checked by future global analyses (work in progress)

E.g.,

NO

IO
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NO ~99% CL
sind < 0 ~90% CL
q23 < p/4 ~90% CL

1s error of known
parameters 

|Dm2| 1.1%
dm2 2.3%
q13 3.0%
q12 4.5%
q23 ~ 6%

Status of  known and unknown 3n oscillation parameters, circa 2021

All n oscillation data

Hints on oscillation
unknowns

(2021)
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NO ~99% CL
sind < 0 ~90% CL
q23 < p/4 ~90% CL

1s error of known
parameters 

|Dm2| 1.1%
dm2 2.3%
q13 3.0%
q12 4.5%
q23 ~ 6%

All n oscillation data

Hints on oscilla2on
unknowns

(2021)

Frontiers

(surprises?)

discovery

p
re

ci
si

on

Status of known and unknown 3n oscillation parameters, circa 2021
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Focus on the three oscillation unknowns: NO/IO, d, q23 octant degen.

IO favored (~1s)
d~1.5p (IO), ~p (NO)
q23 octants ~degenerate
[confusing T2K-NOvA tension]
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Focus on the three oscillation unknowns: NO/IO, d, q23 octant degen.

IO favored (~1s)
d~1.5p (IO), ~p (NO)
q23 octants ~degenerate

NO favored (~1.5s)
d~p (NO), ~1.5p (IO) 
q23~0.57 favored (~1s)
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Focus on the three oscillation unknowns: NO/IO, d, q23 octant degen.

NO favored (~2.5s)
d~1.2p (NO) fav. (~1.6s)
q23~0.46 favored (~1.6s)

IO favored (~1s)
d~1.5p (IO), ~p (NO)
q23 octants ~degenerate

NO favored (~1.5s)
d~p (NO), ~1.5p (IO) 
q23~0.57 favored (~1s)
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2.5 s
1.6 s

1.6 s

NO ~99% CL 
sind < 0 ~90% CL  
q23 < p/4 ~90% CL  

Hints on oscillation
unknowns,

2021…
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Hints on oscillation
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2021…

…Educated guess on
unknowns, 

a0er 2022-2023 data

Main impact expected
from new SK atm. data 
in combination with T2K, 
which may win over
the “T2K-NOvA tension”
and other small changes

Also: new IC-DC atm. analysis 
for NO, wait for analysis w/ IO

Also: T2K+NOvA joint fit? 

Watch for synergy of various 
|Dm2| measurements: 
convergence / divergence 
in true / wrong mass ordering

NO ~99% CL 
sind < 0 ~90% CL  
q23 < p/4 ~90% CL  

à presumably >99% CL 
à presumably >90% CL  
à presumably flipped to > p/4
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SBL reactors prefer higher Dm2 than LBL accel. (and atmos.) expts.
Rela2ve difference is smaller for NO and for non-maximal q23 mixing

(±Dm2, q23) pair: data synergy

Standalone
SBL reactor
data (±2s)
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SBL reactors prefer higher Dm2 than LBL accel. (and atmos.) expts.
Rela2ve difference is smaller for NO and for non-maximal q23 mixing

à BeCer agreement reached for NO & nonmax q23 at intermediate Dm2

à SBL reactor data not sensi2ve to sign(Dm2) and q23, but affect their likelihood!

(±Dm2, q23) pair: data synergy
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.

Standalone
SBL reactor
data (±2s)

SBL reactors prefer higher Dm2 than LBL accel. (and atmos.) expts.
Relative difference is smaller for NO and for non-maximal q23 mixing

à Better agreement reached for NO & nonmax q23 at intermediate Dm2

à SBL reactor data not sensitive to sign(Dm2) and q23, but affect their likelihood!

Near Future: incremental progress from Daya Bay + T2K + NOvA + SK + IC-DC… 
Farther Future: decisive progress with JUNO + DUNE + HK + IC + KM3…

(±Dm2, q23) pair: data synergy
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E.g.: Fron*ers for the JUNO reactor experiment [1507.05613]

Parameter 1s, now JUNO in ~6y

dm2 2.3  %   0.6 %
sin2q12 4.4  % 0.7 %
Dm2 1.1  % 0.4 %
sin2q13 3.0  % comparable

At “medium” baseline ~50 km, will probe two oscillations in ~vacuum
Main discovery goal: distinguish NO vs IO at 3-4s in 6y. 

Dm2, q13

dm2, q12

Significant be\er precision expected on 3 out of 4 oscilla]on parameters:
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Worked out as an exercise,  see extra slides 
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E.g., frontiers for DUNE, LBL acceler. expt [2002.03005]
Disapp. + app., nu/antinu mode, CPV & NO/IO & matter effects at L~1300 km     

Parameter 1s, now DUNE in ~10 y 

Dm2 1.1  % factor ~1/4 reduc]on
sin2q23 ~ 6  % factor ~1/4 reduc]on
sin2q13 3.0  % comparable

T2HK: same ballpark.  DUNE & T2HK will need precise cross sections! 
Worldwide activity to better understand nuclear response to n probes

CPV NO vs IOß Discovery goals à

Precision frontier

à



Complicated, but all the interesting information is there: 
q13, q23 octant, dCP, mass ordering, matter effects
Note that CP phase and matter term change sign for nàn

(Cervera et al. 2000; Freund, Huber, Lindner, 2000; Freund, 2001)

nµ ne 
In the LBL accel. Context, one often refers to the following 3n appear. probability...  

23

Slide from: Walter Winter

_
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Worked out as an exercise, see extra slides 

arXiv:1512.06148v2

May be written in several equivalent forms, e.g.:



q
23 >45 o

q
23 <45 o

At fixed L, E and Ne, P(n) and P(n) depend parametrically on d (cyclic) 
à “bi-probability ellipses”, testable via nu-antinu comparison

25

à Discussion of LBL accelerator experiments in terms of 
energy-integrated “bi-rate” or “bi-event” plots 

for electron flavor appearance in nu and antinu channels

_
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T2K (n+n) prefers: 
NO
d~3p/2 (~max CPV)
2nd octant

NOVA (n+n) prefers: 
NO
CP conservation
octants ~degenerate

à T2K and NOVA, separately: NO preferred; CP and octant ambiguous

Bi-event plots for current T2K & NOvA results and “T2K-NOvA tension”

_

_

_
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The same info can be reorganized in terms of T2K vs NOvA:
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T2K+NOvA (n) prefer: 
IO
d~3p/2
1st octant

T2K+NOvA (n) prefer: 
IO
d~3p/2
2nd octant

_

à T2K and NOVA, jointly: IO and CPV preferred; octant ambiguous  
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...In the T2K+NOvA combina]on, s]ll unstable results on three unknowns:
mass ordering (NO vs IO), q23 octant and CP phase d

Further data may \lt the current balance, or even point to new physics (NSI?)   

(current)
NOvA close to different

options within 1s...

T2K close to the edge of 
its expected sensi6vity...

T2K + NOvA Joint analysis?
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Further frontiers, e.g., Hyper-Kamiokande atmosph. [2002.03005]

true NO

true IO

Mass ordering Octant resolution

+ IceCube upgrade, +Km3NeT, +…
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Further frontiers, e.g., Hyper-Kamiokande atmosph. [2002.03005]

true NO

true IO

Mass ordering Octant resolution

While advancing the precision and discovery frontiers, JUNO, DUNE, (T2)HK, …
might either converge on consistent discoveries and precision parameters, 
or find anomalous results à new neutrino states, nonstandard interactions?
+ heavy neutrino signals in other searches, e.g., DM or HEP experiments?

E.g., already in current data: 
- Saga of  possible indications of  sterile (~RH) neutrino state(s) at O(eV) scale
- 4-fermion-like interactions ~eabGF weakly preferred by recent SK solar data

… + surprises? 

+ IceCube upgrade, +Km3NeT, +…



b decay, sensitive to the “effective electron neutrino mass”:

0nbb decay: only if Majorana. “Effective Majorana mass”:

Cosmology: Dominantly sensitive to sum of neutrino masses:

May provide additional handles to distinguish NO/IO!

Connect with non-oscillation n mass observables: ( mb , mbb , S )

32
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Non-oscillation parameter space (2s) constrained by oscillations: 

mbb spread due to 
Majorana CP phase(s):
accessible in principle

(but: no NME errors
included here!)

NO       
IO       
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b : KATRIN

No signal (yet), but upper limits on mb

NO       
IO       
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b : KATRIN
0nbb : KL-Zen, GERDA, EXO, Cuore...

…on mbb , starting to cover non-degenerate mass regions (for favorable NME)  

NO       
IO       
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b : KATRIN

S : Planck’18 + BAO + lensing +...
0nbb : KL-Zen, GERDA, EXO, Cuore...

… and on S, from a variety of  cosmo bounds, with IO “under pressure” 

“Aggressive”  “Default” “Conservative”  cosmological limits

NO       
IO       
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Grand total (oscillations + nonoscillations) for the IO-NO difference
[envelope of  conservative, default, aggressive cosmological fits = horizontal lines]

2.5s (osc)  ⊕ up to 0.7s (nonosc) = 

2.5s – 3.2s in favor of NO (all 2021 n data) 

“Aggressive”    “Default”    “Conservative”

Presumably stronger with 2022-2023 data. Progress expected on all fronts!



Surprises might also bring us beyond 3n and re-shape the field…

1.4− 1.2− 1.0− 0.8− 0.6− 0.4− 0.2− 0.0−
3.0−

2.5−

2.0−

1.5−

1.0−

0.5−

0.0

10

20

30

40

50

60

70

80

90

100

1−10 1

23θ 2sin

3−10

2−10

1−10

1

13θ 2
si

n

2.0− 1.5− 1.0− 0.5− 0.03.0−

2.5−

2.0−

1.5−

1.0−

0.5−

0.0

0

10

20

30

40

50

60

70

80

90

100

2−10 1−10 1

23θ 2sin

3−10

2−10

1−10

1

13θ 2
si

n

1.4− 1.2− 1.0− 0.8− 0.6− 0.4− 0.2− 0.0−

2.0−

1.5−

1.0−

0.5−

0.0

10

20

30

40

50

60

70

80

90

100

1−10 1

23θ 2sin

2−10

1−10

1

13θ 2
si

n

 (eV)Σ  (eV)βm

 (e
V)

ββ
m

 (e
V)

β
m

Di
re

ct
 m

as
s s

ea
rc

he
s

Do
ub

le
 b

et
a 

de
ca

y

Cosmology

IO

NO

Disagreement among future data
(barring expt mistakes) might point 
towards new possibilities:

� Cosmology beyond LCDM
� Alternative DBD mechanisms
� New interactions (NSI)
� New neutrino states …

Main contender in current n physics:
Light sterile n at O(1 eV) scale
but... confusing/unconfirmed hints

In any case: generic expectations
for new possible n mass state(s)  

What if...

?

?
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3n knowns:  
dm2, |Dm2|, q13, q12 and q23 (up to octant) à worldwide precision physics program

3n unknowns: 
NO/IO, CPV, abs. mass, Majorana/Dirac à ongoing searches aiming at discoveries

Be open to:
New n states and interactions, HE/LE links à diversity of expt/theo approaches

Be part of this adventure!     
While answering old questions… à new questions will emerge!

…
?

Summary

n
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Nomen [est]  Omen
“Name  [is]  Destiny”
Neutrino – What’s the root of this name?

Epilogue
An old Latin saying:
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If  “name is destiny,” then ...

Neutrino’s destiny 
is to raise questions!

Thank you for your attention
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End of Lecture IV

Solutions to exercises: extra slides à
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Summary of known and unknown 3n oscillation parameters,  ~2021

hep-ph 2107.00532
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Relevant probabili.es in JUNO and DUNE 
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